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I.    Introductory  considerations. 

Highly  important  dynamical  considerations,  based  on 
the  mechanical  principle  of  the  conservation  of  areas,  in  the 
form  of  a  criterion  proposed  by  Babinet  in  1861,  have  been 
adduced  in  A.  N.  4308  to  show  that  the  planets  and  satellites 
of  the  solar  system  have  never  been  detached  from  the  central 
bodies  which  now  govern  their  motions,  by  acceleration  of 
rotation,  as  was  supposed  by  Laplace,  and  for  a  long  time 
verj'  generally  believed  by  astronomers ;  but,  on  the  contrary, 
that  all  of  these  bodies  have  been  captured,  or  added  from 
without,  and  have  since  had  their  orbits  reduced  in  size  and 
rounded  up  under  the  secular  action  of  a  resisting  medium. 
The  argument  there  set  forth  is  very  brief,  but  sufficient  to 
be  conclusive  on  the  main  points;  for  the  dynamical  rigor 
and  universal  validity  of  Babinet's  criterion  admits  of  no 
dispute,  and  the  data  given  in  the  Table  of  calculated 
rotation  periods,  when  combined  with  the  observed  periodic 
times,  show  such  enormous  disparity  that  it  is  clear  that 
centrifugal  force  could  not  have  been  effective  in  detaching 
these  masses. 

For  the  centrifugal  force  varies  as  the  square  of  the 
velocity  divided  by  the  radius;  and  if  we  form  a  table  of 
the  squared  velocities  from  the  periods  as  given  in  A.  N.  4308, 
p.  187-190,  the  radius  of  the  rotating  central  mass  being 
by  hypothesis  the  same  as  the  radius  vector  of  the  body 
revolving  about  it,  we  shall  find  the  differences  J?/ — P^'^  so 
very  large  that  any  supposition  that  the  centrifugal  force  due 
to  axial  rotation  has  exercised  a  sensible  influence  will  have 
to  be  abandoned.  The  efficiency  of  the  resulting  centrifugal 
force,  compared  to  that  which  would  detach  the  body,  would 
be  measured  by  the  fraction  ;'  in  the  expression, 

J?2 


R. 


=    l-y 


which  in  all  cases  proves  to  be  quite  insignificant.  Thus,  in 
the  case  of  the  inner  ring  of  Saturn,  where  this  fraction  is 
the  largest,  on  account  of  the  rapid  rotation  of  that  planet, 
the  value  of  y  never  exceeds  about  a  seventh  part;  in  other 
words,  the  centrifugal  force  would  have  to  be  augmented 
about  seven  fold  to  detach  a  satellite. 

One  might,  indeed,  imagine  that  the  central  bodies 
have  gradually  increased  in  mass  with  the  lapse  of  ages, 
so   that   at   one   time   the   central   attraction   was   much   less 


than  at  present,  and  the  periodic  time  of  a  satellite  thei 
fore  much  longer,  corresponding  to  a  smaller  orbital  cent 
fugal  force  and  possibly  a  nearer  approach  to  equality  wi 
the  lessened  centripetal  force  of  the  planet ;  yet  by  no  chan 
of  this  kind  will  it  be  found  possible  to  establish  an  a 
proximation  to  equality  between  the  centrifugal  and  centripei 
forces,  and  we  shall  be  compelled  to  admit  that  Laplao 
hypothesis  is  wholly  inadmissible,  even  for  the  most  favoral 
case  in  the  solar  system. 

As  the  planets  and  satellites  have  therefore  all  be 
captured  and  have  since  had  their  orbits  reduced  in  si 
and  rendered  rounder  and  rounder  by  the  secular  action 
the  nebular  resisting  medium  formerly  pervading  our  syste 
it  becomes  desirable  to  indicate  somewhat  more  fully  he 
this  great  transformation  has  come  about.  In  particular, 
becomes  advisable  to  set  forth  with  more  detail  how  t 
satellites  were  captured,  and  how  nebulae  inevitably  divi 
under  the  natural  operation  of  their  own  gravitation;  ai 
that,  too,  without  the  intervention  of  the  conditions  of  flu 
equilibrium  under  hydrostatic  pressure,  as  heretofore  ve 
generally  assumed  by  mathematicians. 

II.  Jacobi's  integral 
and  the  equation  of  relative  energy. 

In  order  to  bring  out  the  effects  of  a  resisting  medit 
upon  the  capture  of  satellites  and  upon  the  division 
nebulosity  between  rival  centres  of  attraction,  it  is  necessa 
to  recall  very  briefly  some  of  the  results  of  the  research 
of  mathematicians  upon  the  problem  of  three  bodies,  in  t 
restricted  case  where  one  body  is  a  particle  and  the  oth 
two  move   in  circles  about  their  common  centre  of  gravit 

In  any  system,  whatever  be  the  relative  magnitude 
the   two   principal   bodies,   we    may   always   adopt   a  speci 
system  of  units  and  take  the  sum  of  the  masses  to  be  unii 

Af  -h  m  =   I   =  (1  —  fi)  -h  fi .  { 

And  we  may  take  the  unit  of  distance  such  that  tl 
space  between  the  centres  of  gravity  of  Af  and  m  shall  1 
unity,  or 
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where  ?i ,  ayi ,  $2 ,  jy^  are  the  co-ordinates  of  the  centres 
gravity  of  the  bodies,  here  assumed  to  move  in  the  ^jy-plan 
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And  we  may  put  the  constant  of  attraction 


k''-  = 


4  7r- 


M 


re  r  is  the  periodic  time,  also  taken  to  be  unity. 

Now  if  the  smaller  mass  be  placed  on  the  a- axis  at 
initial  epoch,  and  new  axes  (.r,  y,  z\  with  the  same  origin, 
he  centre  of  gravity  of  the  system,  be  imagined  to  rotate 
he  same  rate  that  the  two  bodies  i  —  /t  and  //  revolve 
:ircles  under  their  mutual  attraction  about  the  common 
tre  of  gravity,  we  shall  have  the  well-known  differential 
ations  of  motion  for  the  particle : 
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(6) 


Here  Qi  and  q-i  are  the  radii  vectores  of  the  particle 
referred  to  the  two  revolving  centres  of  attraction;  and  the 
fixed  co-ordinates  are  connected  with  those  referred  to  the 
rotating  axes  by  the  relations 

i  =  X  cos  /  —  jj'  sin  / 
r^   =^  X  sin  /  -1-  y  cos  t 

C  ==  2   . 

As  i2  is  a  function  of  x,  y,  z  only  and  of  constant 
quantities,  the  equations  (4)  admit  of  an  integral  when  they  are 

successively  multiplied  by   2  -— ,   2  -— ,   2  -—  respectively,  and 

at       at       at 

the  products  added.    For  this  gives 
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This    is    the    integral    obtained    by  Jacobi    (Comptes  Rendus  de  I'Academie  des  Sciences,    Tome  III,  p.  61),    and 
efore  called  by  Dr.  G.  W.  Hill  the  Jacobian  integral   (cf.  Collected  Mathematical  Works  of  G.  W.  Hill,  vol.  I,  p.  244). 
s  integral    F-  ^=   2il  —  C  represents  .the  velocity  of  the  particle   under  the  attraction  of  the  two  bodies,    and    there- 
has  been  called  by  Darwin  the  equation  of  relative  energy. 

III.    Surfaces  of  zero  relative  velocity. 

The  Jacobian  integral   V'-  ^  2ii  —  C,  when  put  equal  to  zero,  gives  the  surfaces  corresponding  to  zero  relative 

icity  of  the  particle :  ,  -. 

0.0, 2(1—  /I- 2/* ,   . 

X'  -h  y-  -h    ^  ^  -+-  ^  ^^  —6   =   0.  (gj 


I^U 


Xy) 


■y- 


V{x 


■y 


These  surfaces  were  first  discussed  by  Dr.  G.  W.  Hill 
his  celebrated  » Researches  in  the  Lunar  Theory*  (cf. 
's  Collected  Mathematical  Works,  vol.1,  p.  294  —  304),  but 
'  have  since  been  treated  by  Poincare,  Darwin,  and  other 
hematicians. 

The  forms  of  the  curves  on  the  co-ordinate  planes  are 
ly  found  by  the  usual  process  in  the  theory  of  surfaces. 
IS,  for  the  :!Cj- plane,  we  put  z  =  o,  and  have 
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X\y -^- y-        V  \x  —  x-i)- -^ y- 

ch  has  been  treated  quite  fully  by  Prof.  G.  H.  Darwin  in 
celebrated  memoir  on  » Periodic  Orbits «,  in  Acta  Mathe- 
ica,  vol.  21,  1897.  If  we  put  y  =■  o,  we  get  the  curves 
the  .3C 2; -plane: 

^+./^^^~^^        .-H^^  ^^^  ^=C.       (11) 

V  {x  —  x-^-  -h  z^        y  {x  —  .JC2)"  ■+-  z^ 

As  the  object  of  this  brief  paper  is  to  point  out  the 
;tical  use  of  these  results  in  astronomy  rather  than  to 
mine  the  details  from  a  mathematical  standpoint,  we  pass 
5nce  to  the  curves  in  the  ^^-plane  as  drawn  by  Darwin. 
;se  are  given  in  figure   i. 


The  two  bodies,  conveniently  designated  as  the  Sun 
and  Jove  respectively,  have  in  this  case  masses  in  the  pro- 
portion of  ten  to  one,  \  —  fi  ^  ^Vii>  /*  ^^  Vii'  o^  the  sun 
has  ten  times  the  mass  of  the  planet.  In  describing  the 
figure  Darwin  says  (l.  c.  p.  11 2-1 13):  »An  important  classi- 
fication of  orbits  may  be  derived  from  this  figure.  When  C 
is  greater  than  40.1821  the  third  body  must  be  either  a 
superior  planet  moving  outside  of  the  large  oval,  or  an  in- 
ferior planet  moving  inside  of  the  larger  internal  oval,  or  a 
satellite  moving  inside  of  the  smaller  internal  oval ;  and  it 
can  never  exchange  one  of  these  parts  for  either  of  the 
other  two.  The  limiting  case  C  =■  40.1821  gives  superior 
limits  to  the  radii  vectores  of  inferior  planets  and  of  satellites, 
which   cannot   sever   their   connections   with  their  primaries. 

When  Cis  less  than  40.1821  but  greater  than  38.8760, 
the  third  body  may  be  a  superior  planet,  or  an  inferior  planet 
or  satellite,  or  a  body  which  moves  in  an  orbit  which  par- 
takes of  the  two  latter  characteristics;  but  it  can  never  pass 
from  the  first  condition  to  any  of  the  latter  ones. 

When  C  is  less  than  38.8760  and  greater  than  34.9054, 
the  body  may  move  anywhere  save  inside  of  a  region  shaped 
like  a  horse-shoe.  The  distinction  between  the  two  sorts  of 
planetary  motion  and  the  motion  as  a  satellite  ceases  to  exist. 
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and  if  the  body  is  started  in  any  one  of  these  three  ways 
it  is  possible  for  it  to  exchange  the  characteristics  of  its 
motion  for  either  of  the  two  other  modes. 

When  C  is  less  than  34.9054  and  greater  than  t,2„  the 
forbidden  region  consists  of  two  strangely  shaped  portions 
of  space  on  each  side  of  Sy. 

Lastly  when   C  is  equal  to   33,    than    which   it  cannot 


be  less,  the  forbidden  regions  have  shrunk  to  a  pair  oi 
finitely  small  closed  curves  enclosing  the  third  angles  ( 
pair  of  equilateral  triangles  erected  on  Sy  as  a  base.« 

If  we  consider  equation  (9),  we  see  that  when  z  = 
and  X  and  y  are  small,  the  first  and  second  terms  bee 
relatively  insignificant,  and  there  only  remains 
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where  f  is  a  small  quantity,  and  Qi'  and  q/  the  radii  vectores.     The  form  of  this  expression  shows  that  the  surfaces 

proximate  equipotential  surfaces  about  the  two  masses  i  —  f*  and  /t.     In  like  manner,  if  y  =  o,  and  x  and  z  are  sr 

equation  (11)  gives  t  —  „,  it  C 
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Thus  we  see  that  the  curves  on  the  .rs- plane  are  similar 
to  those  on  the  .rv- plane,  and  both  resemble  equipotential 
surfaces.  For  small  values  of  the  co-ordinates  the  surfaces 
of  relative  energy  are  nearly  symmetrical  about  the  axis  of  x, 
and  may  be  produced  approximately  by  revolving  the  curves 
in  the  a-j-- plane  about  the  axis  Sy. 

In  tri-dimensional  space  these  surfaces  of  zero  velocity 
are  suspended  like  narrow  curtains  from  an  asymptotic  cy- 
linder with  radius  equal  to  y  C;  for  as  s"^  increases  inde- 
finitely equation  (9)  approaches  the  limit  x--hy-^  C,  and 
the  radius  of  the  asymptotic  cylinder  therefore  is  v  C,  as 
was  long  ago  pointed  out  by  Dr.  Hill. 

We  need  not  here  dwell  on  the  outer  parts  of  the  above 
figure,  which  have  been  fully  discussed  by  Hill,  Darwin, 
Poincare,  and  others;  but  shall  invite  attention  to  the  interior 
region,  where  the  surfaces  are  closed  about  each  body,  or 
run  together  in  the  form  of  an  hour-glass  or  pear-shaped 
figure,  with  equal  or  unequal  bulbs,  according  as  the  masses 
I  —  /u  and  fi  are  equal  or  unequal,  respectively.  In  the 
general  case  they  are  unequal,  but  as  numerous  systems 
of  double  stars  have  a  comparatively  equable  distribution 
of  mass,  this  special  case  is  deserving  of  some  attention 
(see  figure  2). 

Now,  as  to  the  form  of  the  closed  and  connected 
.surfaces  of  the  hour-glass  or  pear-shaped  figure  in  tri- 
dimensional space,  it  is  sufficient,  as  already  remarked,  to 
imagine  the  inner  parts  of  Darwin's  figure  i,  up  to  C=  38.88, 
revolved  about  the  .r-axis  coinciding  with  Sy-,  and  then 
imagine  the  surfaces  of  revolution  very  slightly  flattened  in 
the  direction  parallel  to  the  s-axis,  to  take  into  account  the 
small  distortion  due  to  centrifugal  force  incident  to  revolution 
of  the  system  in  the  xy-p\a.ne.  For  the  function  2S2  —  C=  o 
involves  the  rotation  potential,  and  is  not  quite  the  same  in 
all  directions,  but  a  little  larger  in  the  plane  of  motion. 

Thus  we  see  that  the  two  bodies  have  separate  closed 
folds  around  each  centre  of  attraction,  and  besides  a  series 
of  pear-shaped  or  hour-glass  surfaces  about  both  bodies;  and 
moreover  these  surfaces  are  symmetrical  about  the  .r-axis, 
coinciding  with  Sy,  except  for  the  effects  of  rotation,  which 
makes  these  surfaces  a  little  flattened  in  the  direction  parallel 
to  the  s-axis.  'I'he  eflfect  of  distortion  on  these  otherwi.se 
symmetrical  surfaces  is  quite  analogous  to  the  flattening  of 
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figures  of  equilibrium  of  rotating  masses  of  fluid.  T 
latter  figures  have  been  studied  by  mathematicians  for  r 
than  two  centuries,  and  of  late  years  have  been  espec 
investigated  by  Poincare  and  Darwin,  by  the  most  pow( 
methods  of  modern  mathematical  analysis.  These  emi 
mathematicians  have  established  the  existence  of  a  serie 
pear-shaped  figures  of  equilibrium  for  rotating  masses  of  f 
with  striking  resemblance  to  the  surfaces  here  discus 
The  calculation  of  the  figures  of  equilibrium,  howevei 
more  difficult  than  that  of  the  energy  surfaces,  becaus 
a  fluid  mass  under  its  own  gravitational  attraction,  the  fc 
of  each  element  contribute  to  the  shaping  of  the  figur 
the  mass,  and  the  figure  in  turn  determines  the  intensit 
the  forces  tending  to  modify  the  fluid  surface;  wherea 
the  case  of  the  energy  surfaces  the  attractive  forces  ma 
regarded   as  centred  in  two  points. 

IV.    How  a  particle  may  move  about  6'  and  ; 
separately  and  collectively. 

The  nature  of  the  surfaces  closed  about  each  1 
separately  and  about  the  two  collectively  is  now  clear, 
as  we  have  shown  that  these  closed  surfaces  are  ne 
symmetrical  about  the  line  Sy  in  all  directions  in  sp 
it  is  evident  that,  for  particles  confined  within  these  ft 
the  motion  in  tri-dimensional  space  will  be  essentially  sin 
to  that  of  a  particle  moving  in  the  vTV-plane.  Thus  Darv 
classification  of  orbits,  just  given  in  III,  becomes  applic 
to  all  motion  in  which  C  is  greater  than  38.88,  and  practic 
for  all  motion  in  which  C  is  less  than  34.91,  when 
disregard  the  outer  parts  of  the  figure,  as  not  here  ui 
consideration. 

Accordingly  it  is  clear  that  a  particle,  with  C 
than  38.88,  may  move  about  the  two  bodies  separai 
pass  freely  from  one  space  to  the  other,  and  around  I 
together;  or  again  it  may  move  about  either  of  the 
bodies  separately,  and  go  between  them  in  such  a  way  t 
as  it  quits  the  control  of  S,  it  may  pursue  a  retrogi 
path  about  y. 

Darwin  has  discussed  this  motion  in  a  characteristic 
lucid  manner  as  follows:  » Being  ignorant  of  the  nature 
the  orbits  of  which  I  was  in  search,  I  determined  to  b( 
by  a  thorough  examination  of  one  case.  It  seemed  lii 
that   the    most   instructive   results    would   be    obtained    f 
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;s  in  which  it  should  be  possible  for  an  inferior  planet 
satellite  to  interchange  their  parts.  Now  when  C  is 
Iter  than  38.8760  but  less  than  40.1821,  the  two  inferior 
Is  of  the  curve  of  zero  velocity  coalesce  into  the  shape 
m  hour-glass,  and  thus  interchange  of  parts  is  possible, 
lerefore  began  by  the  consideration  of  the  case  where  C 
[9,  and  traced  a  large  number  of  orbits  which  start  at 
it  angles  to  Sy,  and  in  some  cases  I  also  traced  the 
t  wdth  reference  to  axes  fixed  in  space. 

The  two  curves  which  represent  the  orbit  in  space 
with  reference  to  the  moving  plane,  contain  a  complete 
ition  of  the  problem. 

For  if  the  curve    on   the    moving   plane   be  drawn  as 

ansparency,  and  if  the  Sun  in  the  two  figures  be  made 

:oincide,  and  if  the  transparent  figure  be  made  to  revolve 

brmly  about  the  sun,  the  intersection  of  the  two  curves 

give  the  position  of  the  body  both  in  time  and  place. 

In  order  to  exhibit  this  I  show  in  figure  3  a  certain 
It  with  reference  to  axes  fixed  in  space  and  also  the 
e  orbit  referred  to  rotating  axes.  In  the  former  figure 
simultaneous  positions  of  the  planet  and  of  Jove  are 
ed  by  dotted  lines.  It  is  interesting  to  observe  how  the 
y  hangs  in  the  balance  between  the  two  centres,  before 
elliptic  form  of  the  orbit  asserts  itself,  as  the  body  ap- 
iches  the  Sun. 

This  figure,  and  others  of  the  same  sort,  are  instruc- 
as  illustrating  the  usual  sequence  of  events  in  orbits  of 
class. 

If  a  planet  be  started  to  move  about  the  Sun  in  an 
it  of  a  certain  degree  of  eccentricity,  it  will  at  first  move 
1  more  or  less  exactness  in  an  ellipse  with  advancing 
helion.  But  as  the  aphelion  approaches  conjunction  with 
I  the  perturbations  will  augment  at  each  passage  of  the 
elion.  At  length  the  perturbation  becomes  so  extreme 
:  the  elliptic  form  of  the  orbit  is  entirely  lost  for  a  time, 
the  body  will  either  revert  to  the  Sun,  or  it  will  be 
tvn  off  and  begin  a  circuit  round  Jove.  In  either  case 
r  the  approximate  concurrence  of  aphelion  with  con- 
;tion,  the  orbit  will  have  lost  all  resemblance  to  its 
lious  form. 

The  figure  3   exhibits   the   special   case   in   which  the 

y    only    makes    a    single   circuit   round  Jove,    and  where 

heliocentric  elliptic  orbit  before  and  after  the  crisis  has 

same  form;  the  perihelion  has  however  advanced  through 

:e   the    angle   marked  «    on   the   figure.     In    general   the 

y  would,  after  parting  from  the  Sun,  move  several  times 

id  Jove  until  a  concurrence  of  apojove  with  conjunction 

duced  a  severance  of  the  connection,   but   in   the   figure 

concurrence  happens  after  the  first  circuit.    If  the  neck 

the    hour-glass    defining   the    curve    of   zero   velocity   be 

row,    the   body   may  move  hundreds  of  times  round  one 

the  centres  before  its  removal  to  the  other«   (cf.  »Periodic 

)its«,  p.  168-170). 

Nonsperiodic  orbits  passing  fipom  Jove  to  the  Sun. 

Without  going  into  the  details  of  the  nature  of  this 
t^ement  or  into  the  laborious  numerical  processes  by  which 
paths  have  been  calculated  by  Darwin,  we  may  reproduce 


in  figure  5,  one  of  the  most  interesting  figures  showing  some 
of  the  non-periodic  paths  extending  from  Jove  to  the  Sun. 
These  cases  are,  of  course,  ideal  and  somewhat  arbi- 
trary, with  the  masses  always  in  the  ratio  of  10  to  i,  and 
therefore  with  the  planet  relatively  about  100  times  larger 
than  any  found  in  the  solar  system;  but  they  throw  a  flood 
of  light  upon  the  processes  at  work  in  actual  nature. 

In  the  passage  partially  quoted  obove  (»Periodic  Orbits«, 
p.  170  — 171)   Darwin  concludes  his  discussion  as  follows: 

»It  seems  likely  that  a  body  of  this  kind  would  in 
course  of  time  find  itself  in  every  part  of  the  space  within 
which  its  motion  is  confined.  Sooner  or  later  it  must  pass 
indefinitely  near  either  to  the  Sun  or  to  Jove,  and  as  in  an 
actual  planetary  system  those  bodies  must  have  finite  di- 
mensions, the  wanderer  would  at  last  collide  with  one  of 
them  and  be  absorbed.  We  thus  gain  some  idea  of  the 
process  by  which  stray  bodies  are  gradually  swept  up  by 
the  sun   and  planets. 

It  might  be  supposed  that  all  possible  orbits  for  any 
value  of  C  will  pass  through  a  similar  series  of  changes  and 
that  the  bodies  which  move  in  them  will  be  thus  finally 
absorbed.  Lord  Kelvin  is  of  opinion  that  this  must  be  the 
case,  and  that  all  orbits  are  essentially  unstable.  This  may 
be  so  when  sufficient  time  is  allowed  to  elapse,  but  we  shall 
see  later  that,  even  when  the  hour-glass  has  an  open  neck, 
there  are  still  stable  orbits,  as  far  as  our  approximation  goes. 
The  only  approximation  permitted  in  this  investigation  is  the 
neglect  of  the  perturbation  of  Jove  by  the  planet.  For  a 
very  small  planet  the  instability  must  accordingly  be  a  very 
slow  process,  and  I  cannot  but  believe  that  the  whole  history 
of  a  planetary  system  may  be  comprised  in  the  interval 
required  for  the  instability  to  render  itself  manifest.  Hence- 
forward then  I  shall  speak  as  though  the  stability  of  stable 
orbits  were  absolute,  instead  of  being,  as  it  probably  is,  only 
approximate*. 

This  work  of  Darwin  supplennents  and  generalizes  in 
a  most  impressive  manner  the  work  of  astronomers  on  such 
bodies  as  Lexell's  comet  of  1770,  and  the  whole  series  of 
periodic  comets,  when  they  pass  near  a  planet  such  as  Jupiter. 
It  is  scarcely  necessary  to  recall  the  early  work  of  Burkhardt 
and  Laplace,  or  the  more  modern  researches  of  Leverrier, 
Adams,  Newton,  Schiaparelli,  Callandreau  and  Tisserand,  as 
this  is  well  known  to  astronomers. 

VI.   Part  played  by  the  resisting  medium 
in  the  capture  of  satellites. 

In  the  foregoing  discussion  of  the  surfaces  of  zero 
relative  velocity  and  constant  relative  energy,  it  is  assumed 
that  all  the  motion  takes  place  in  empty  space,  and  is  there- 
fore wholly  free  from  conditions,  or  any  kind  of  obstruction. 
The  differential  equations  and  the  resulting  Jacobi- 
an  Integral  rest  on  this  hypothesis.  This  same  as- 
sumption pervades  the  whole  science  of  modern  Dynamics, 
and  lies  at  the  basis  of  the  work  of  all  the  great  mathe- 
maticians who  have  dealt  with  the  problem  of  three  bodies 
and  periodic  orbits.  The  premise  thus  tacitly  permeating 
so  many  branches  of  mathematical  science  is  approximately 
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correct   for   the    present   state   of  the   solar   sj-stem    and    for 
short  intervals  of  time;  but  it  false  and  incorrect  when  ex- 
tended to  the  past  history  of  our  system,  and  to  long  intervals  j  Jacobi's   Integral    incomplete.     Thus    the    complete   Jacob 
of  time,    because   of  the   general    prevalence    of  a   resisting  |  integral  might  be  taken  to  be  of  the  form 


medium   in    space,    which    adds    a    small    additional   term 
the  differential  equations  and  renders  the  accepted  form 
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the  additional  term  of  secular  character,  which  we  call  at, 
representing  the  average  rate  of  increase  of  the  constant  of 
relative  energy,  as  the  particle  revolves  against  resistance 
and  steadily  drops  nearer  and  nearer  to  the  centres  of  at- 
traction. The  resisting  medium,  with  the  lapse  of  ages,  has 
exercised  the  greatest  influence  in  modifying  the  orbits  of 
the  heavenly  bodies;  and  even  now  it  is  only  in  exceptional 
cashes  that  this  cause  has  wholly  disappeared  from  our  solar 
system  or  from  the  other  similar  systems  existing  in  the 
siderial  universe. 

Let  us  now  ascertain  what  modification  in  the  ideal 
results  of  pure  dynamics  is  required  to  take  account  of  this 
neglected  physical  cause,  and  see  if  the  inference  just  drawn 
is  justified. 

i)  In  the  first  place,  we  notice  the  familiar  result, 
that  when  a  body  revolves  about  the  sun  or  about  a  planet, 
wholly  within  the  closed  folds  of  the  surfaces  of  zero  velocity, 
the  resisting  medium  decreases  the  instantaneous  velocity  at 
every  point  of  the  orbit ;  and,  as  the  central  attraction  remains 
unchanged,  the  path  therefore  curves  more  rapidly  than  it 
otherwise  would  have  done,  and  the  result  is  that  the  body 
falls  nearer  the  centres  of  attraction.  This  effect  was  known 
in  the  time  of  Newton,  for  the  case  of  a  single  central  body, 
and  applied  by  him  to  the  great  comet  of  i68o,  which  passed 
so  near  the  surface  of  the  sun,  and  was  supposed  to  have 
suffered  some  resistance  from  the  sun's  atmosphere.  The 
decrease  in  the  mean  distance  of  all  the  planets  due  to 
resistance  was  distinctly  recognized  by  Euler  in  1749  (cf. 
Article  by  the  writer  in  A.  N.  4334). 

But  the  secular  decrease  in  the  eccentricity  seems  to 
have  been  first  established  by  Laplace  in  1805,  in  Liv.  X, 
Chap.  VII,  S  18,  of  the  Mecanique  Celeste.  In  A.  N.  4308 
the  writer  has  shown  that  this  is  the  true  origin  of  the 
remarkable  circularity  of  the  orbits  of  the  planets  and  satellites 
of  the  solar  system. 

2)  If  such  results  follow  for  the  resisted  particle  when 
it  moves  within  the  closed  surfaces  near  either  body,  it  is 
obvious  that  a  similar  result  will  take  place  when  the  particle 
circulates  within  the  hour-glass  or  pear-shaped  space  enclosing 
both  bodies.  For  when  the  particle  has  its  instantaneous 
velocity  diminished  by  resistance,  it  will  drop  nearer  the 
attracting  centre  or  centres.  This,  of  course,  really  increases 
the  velocity,  because  the  constant  of  relative  energy  is  greatest 
near  the  bodies,  and  decreases  as  we  go  outward,  as  shown 
in  Darwin's  figure  i.  Therefore  we  may  say  generally  that 
resistance  causes  the  particle  to  drop  nearer  and  nearer  one 
or  !)oth  masses,  and  thus  it  may  finally  pass  within  the  closed 
folds  about  one  or  the  other  of  the  two  bodies,  and  acquire 
in  time  a  constant  of  relative  energy  such  that  it  can  never 
escape  from  these  regions,  in  which  the  control  is  vested 
in  a  single  mass. 
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3)  Therefore  it  follows  that  when  our  moon  is  01 
safely  under  the  control  of  the  earth  (cf.  Hill's  Collec 
Mathematical  Works,  vol.  I,  p.  297-301),  and  the  ot 
satellites  of  the  several  planets  are  under  their  respect 
controls,  they  must  forever  remain  within  these  folds 
closed  surfaces,  and  their  radii  vectores  will  have  supei 
limits.  As  far  back  as  1877  Hill  remarked  that  this  c 
dition  is  fulfilled  by  all  existing  satellites  of  the  solar  syst« 
and  was  necessary  for  their  stability  (cf.  » Researches  in 
Lunar  Theory«,   Collected  Works,  vol.  I,  p.  297). 

4)  But  it  does  not  follow,  as  Professor  F.  R.  Moul 
and  others  have  erroneously  claimed  (cf.  Astrophys.  Jouri 
vol.  22,  p.  177-178),  in  the  case  of  Phoebe,  that  beca 
these  satellites  are  now  safely  under  the  control  of  tl 
several  planets,  they  have  never  come  to  the  planets  fr 
a  remote  distance.  In  such  reasoning  the  effects  of 
resisting  medium  is  wholly  neglected,  and  this  complet 
invalides  all  the  argument  based  on  the  false  premise  t 
space  is  empty  and  the  motion  of  the  satellite  uncondition 
according  to  the  ideal  conceptions  of  pure  dynamics.  1 
example  affords  us  a  good  illustration  of  the  improvem 
which  may  result  in  the  equations  of  dynamics  from  tl 
application  to  the  motions  of  the  heavenly  bodies,  un 
the  actual   conditions  of  nature. 

VII.  How  the  motions  of  the  satellites 
become  retrograde. 

From    the    results    indicated    in    A.  N.  4308    and 
foregoing    considerations    we    see    how    all    the   planets    i 
satellites   have   been   captured   —   the  former  now  revolv 
under  the  control  of  the  sun  as  superior  or  inferior  plan 
the "  latter   drawn    down   very    close    to   the   several   plan 
where   alone   stable    motion  is  possible.     The  great  prep 
derance  of  the  Sun's  control  is  due  to  its  larger  mass, 
small   closed   surfaces   exist   about   each    planet,    and    in 
case  of  Jupiter,  Saturn,  Uranus  and  Neptune,  these  surfa 
are  of  considerable  size. 

If  our  system  was  once  pervaded  by  a  resisting  medii 
with  an  infinite  number  of  particles  and  a  lesser  number 
small  bodies  circulating  everywhere  in  the  spaces  where 
planets   now   move,  just   as   the   comets   still  do,    then  it 
obvious  that  some  of  them  would  pass  continually  from 
control    of  the   sun    to   that   of  these   several    planets;    e 
under    the    influence    of    resistance    they    would    sooner 
later  be  captured. 

Professor  G.  H.  Darwin  remarks  in  the  passage  ab( 
quoted:    »If  the    neck   of  the  hour-glass  defining  the  cu 
of  zero  velocity  be  narrow,   the   body   may   move   hundn 
of  times  round  one  of  the  centres  before  its  removal  to 
other*.    And  if  the  dynamical  condition  imposed 
the  resisting  medium  is  introduced,   he   might  w 
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ve  added,  a  permanent  capture  will  result.  Thus 
ve  would  acquire  a  real  satellite;  and  when  the 
ijor  axis  and  eccentricity  of  the  orbit  had  been 
duced  by  the  secular  action  of  the  resisting 
;dium  about  the  planet,  the  orbits  of  such  bodies 
)uld  be  similar  to  those  of  the  satellites  now 
served. 

It  is  especially  important  to  point  out  that  in  passing 
m  the  Sun  to  Jove  the  orbits  may  be  either  retrograde 
direct ;  for  the  body  may  enter  the  neck  of  the  hour-glass 
such  a  way  as  to  cross  over  the  line  SJ^  before  coming 
mpletely  under  Jove's  control.  In  general,  such  a  crossing 
ellite  would  probably  be  comparatively  remote  from  the 
met.  But  if  it  should  come  nearer  to  the  planet,  where 
>st  of  the  satellites  have  direct  motion  in  the  denser 
olving  vortex  of  nebulosity  about  the  central  nucleus,  the 
inces  are  that  it  would  not  survive,  but  in  time  be  pre- 
litated  upon  the  planet,  or  disintegrated  into  dust  when 
came  within  Roche's  limit. 

Therefore  it  is  not  remarkable  that  only  two  known 
rograde  satellites  have  survived,  while  those  with  direct 
)tion  are  more  than  ten  times  more  numerous.  Nor  is  it 
■prising  that  these  retrograde  satellites  are  on  the  outskirts 
the  systems  of  Jupiter  and  Saturn;  for  at  this  distance 
m  these  centres  the  resisting  medium  must  have  been  of 
reme  tenuity.  The  fact  that  considerable  eccentricities 
■vive,  0.44  in  the  case  of  Jupiter  VIII,  and  0.22  in  the 
;e  of  Phoebe,  both  confirms  this  mode  of  capture,  and 
licates  that  the  density  of  the  medium  at  that  great  di- 
nce  must  have  been  quite  small. 


On  the  other  hand,  the  greater  roundness  of  the  orbits 
of  the  other  satellites  nearer  the  planets,  which  revolved  in 
a  denser  medium,  naturally  follows,  as  well  as  their  direct 
revolution.  It  should  not,  however,  be  concluded  that  retro- 
grade motion  near  these  planets  is  wholly  excluded;  but 
merely  that  the  chances  of  its  surviving  are  very  slight. 

VIII.   Theoretical  and  observed  distances 
of  satellites  in  the  solar  system. 

In  the  theory  of  the  closed  surfaces  about  the  planets 
it  is  shown  that  the  superior  limit  of  distance  for  a  satellite 
which  can  just  be  retained  by  a  planet  is  found  by  the 
condition  that  the  neck  of  the  hour-glass  figure  shall  contract 
till  the  two  separate  surfaces  meet  in  a  point  between  the 
sun  and  planet,  on  the  line  S^.  This  leads  to  a  quiptic 
equation,  which,  for  small  bodies  such  as  those  in  our  solar 
system,  is  shown  to  be  capable  of  reduction  to  the  simple 
form   (» Periodic  Orbits »,  p.  109): 
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where  v  is  the  mass  of  the  Sun  in  terms  of  the  planet's  mass 
as  unity,  or  the  reciprocal  of  the  planet's  mass  as  ordinarily 
expressed. 

The  following  table  gives  the  principal  data  for  the 
planets  and  satellites  of  the  solar  system,  and  shows  the 
comparative  magnitude  of  the  closed  surfaces  about  the 
several  bodies,  and  what  parts  of  these  spaces  are  known 
to  be  occupied. 


Table  of  satellite  distances  in  the  solar  svstem. 


Planet 


Reciprocal 
of  adopted  mass 
(cf.  A.  N.  3923) 


Satellite 


Observed 

distance 

in  kilometres 


Theoretical  limit 
in  kilometres    i  in  astron.  units 


Mercury 


14868548 


163086     I     0.001094 


Venus 

408134 

— 

— 

1008152 

0.006747 

The  Earth 

328715 

The  Moon 

384400 

1497577 

0.0 1 00 1 3 

Mars 

3089967 

Phobos 
Deimos 

9377 
23475 

1083118 

0.0072419 

Jupiter 

1047-35 

V 

I 

II 

III 

IV. 

VI 

VII 

VIII 

180936 

421632 

670859 

1070067 

1882150 

1 1456800 

I 1891000 

27475000 

51940750 

0.347283 

Saturn 

3500.00 

Mimas 

Enceladus 

Tethys 

Dione 

Rhea 

Titan 

Hyperion 

lapetus 

Phoebe 

185465 
237942 

294555 

377258 

526847 

122 1340 

1479622 

3559253 
12886600 

69210900 

0.4627540 
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Planet 

,        Reciprocal 

ofadopted  mass 
1   (of.  A.  N.  3923') 

Satellite 

Observed 

distance 

in  kilometres 

Theoretical  limit 
in  kilometres      in  astron.  units 

Uranus 

'           22780 

Ariel 
Umbriel 
Titania 
Oberon 

1 9 1 3  I  2 
266526 

437174 
584626 

69637300 

0.465605 

Neptune 


193 1 3 


(nameless)     |      3555^8      |   1 15234000   j     0.770473 


IX.   On  the  future  search  for  new  satellites 
about  the  planets. 

If  we  study  the  data  in  this  table  carefuUj',  we  shall 
perceive  that  the  closed  surfaces  about  some  of  the  planets 
are  almost  entirely  vacant  or  so  little  traversed  by  the  known 
satellites  that  it  is  quite  probable  that  other  satellites  may 
yet  be  discovered  in  these  vacant  spaces.  In  the  case  of 
MercurA'  the  problem  of  searching  for  satellites  is  no  doubt 
hopeless,  because  of  the  smallness  of  the  closed  space,  and 
the  difficulty  of  recognizing  faint  objects  about  a  planet  so 
near  the  sun. 

Venus  holds  out  bettec  prospects  of  possible  discoveries ; 
for  the  closed  siu-face  about  this  planet  has  more  than  tw^ce 
the  diameter  of  the  orbit  of  our  Moon,  and  is  therefore 
ample  for  holding  one  or  more  satellites.  As  Venus  admits 
of  prolonged  photographic  search  when  at  elongation,  this 
method  would  be  worthy  of  trial. 

The  possible  satellites  moving  about  the  Earth,  other 
than  the  Moon,  hardly  require  discussion;  but  as  the  closed 
space  beyond  the  Moon  is  very  ample,  it  is  by  no  means 
improbable  that  a  small  body  may  yet  be  found  there. 

We  next  turn  to  Mars,  and  there  we  find  a  large 
closed  space,  apparently  unoccupied,  except  by  the  small 
satellites  very  near  the  planet,  which  were  discovered  by 
the  late  Professor  Asaph  Hall  in  1877.  If  photography  were 
applied  to  the  outer  region  of  this  space,  when  Mars  is  very 
near  the  Earth,  as  it  will  be  this  year,  it  is  quite  possible, 
and  even  probable,  that  another  faint  body  or  two  would 
^  be  found  to  attend  this  interesting  planet. 

In  the  case  of  Jupiter,  the  search  might  be  extended 
considerably  further  than  it  has  yet  been;  for  the  outer  half 
of  the  closed  space  is  still  unoccupied  by  any  known  satellite, 
and  large  vacant  regions  exist  also  among  the  known  satellites, 
especially  between  the  IV'^  and  VIII'^.  Of  course  it  does 
not  follow  that  all  the  vacant  spaces  are  really  occupied; 
neither  is  the  existence  of  pairs  of  satellites  close  together 
wholly  excluded,  as  we  see  by  the  distances  of  the  VP*"  and 
VII'''  satellites  recently  discovered  by  Perrine  at  the  Lick 
Obser%atory.    (Fig.  4). 

The  sphere  of  Saturn's  possible  domain  for  satellites 
is  even  larger  than  that  of  Jupiter',  and  is  still  relatively 
less  occupied.  New  satellites  are  therefore  most  likely  to 
be  found  in  this  grand  system. 

In  the  case  of  Uranus  there  is  a  large  domain  ap- 
parently vacant  on  the  outside,  all  the  known  satellites  being 
concentrated  quite  near  the  centre.  Is  it  not  likely  that 
other  bodies  will  be  found  at  greater  distance? 

Similar  remarks  apply  to  Neptune,  which,  owing  to 
its  great  distance  from  the  sun,  has  the  largest  closed  space 


of  any  of  the  planets.  As  enough  nebulosity  was  gathen 
into  these  remote  planets  to  give  them  considerable  mass( 
and  the  nebular  resistance  was  great  enough  to  round  x 
their  orbits,  it  seems  almost  certain  that  they  must  ha 
numerous  satellites  still  undiscovered.  Photography  can  1 
applied  here  with  full  effect,  and  persistent  searches  wi 
the  longest  exposure^  and  most  powerful  photographic  tel 
scopes  is  to  be  recommended. 

X.    Dynamical  theory  of  the  division  of  nebulae. 

That  there  is  in  nature  a  general  dynamical  proce 
by  which  condensing  nebulae  divide  into  fairly  equal  pai 
and  form  double  stars  has  long  been  held  by  the  prese 
wTiter  (cf.  Inaugural  Dissertation,  Berlin,  1892).  This  cc 
elusion  was  first  reached  from  the  study  of  the  brightne 
and  probable  masses  of  binary  stars  about  May,  1886;  ai 
in  the  latter  part  of  1889  the  double  nebulae  depicted 
Sir  John  Herschel  in  the  Philosophical  Transactions  of  t 
Royal  Society  for  1833,  w^ere  connected  with  the  figures 
equilibrium  of  rotating  masses  of  fluid  investigated  by  Poi 
care  (Acta  Mathematica,  vol.  VIIl)  and  Darwin  (Phil.  Tran 
Roy.  Soc,  1887).  The  belief  that  such  a  division  of  t 
nebulae  takes  place  was  necessary  to  associate  the  doul 
stars  w^ith  the  nebulae  from  which  it  was  held  they  h 
arisen  by  gradual  condensation.  This  relationship  betwe 
the  double  stars  and  nebulae  in  process  of  division  h 
been  impressed  upon  me  from  the  forms  of  the  equipotent 
surfaces  which  might  be  constructed  about  equal  and  v 
equal  masses. 

At  that  time  the  nature  of  the  nebulae  was  not  ve 
well  understood,  and  I  could  do  no  better  than  fall  ba 
on  the  figures  of  equilibrium  of  rotating  masses  of  fli 
calculated  by  mathematicians,  as  the  nearest  known  approa 
to  the  natural  process  of  nebular  division.  Yet  as  the  nebul 
evidently  were  not  homogeneous,  the  analogy  was  never  f 
to  be  entirely  satisfactory,  and  was  used  only  as  a  rou 
approximation  to  the  true  process  of  Nature.  I  have  la 
looked  forward  to  a  further  development  of  the  theory 
nebular  fission.  It  was  worked  out  last  year,  along  w: 
other  results  on  the  origin  of  the  solar  system  (cf.  A.  N.  430 
but  owing  to  severe  illness  in  the  early  part  of  this  ye 
an  earlier  opportunity  has  not  occurred  of  presenting  it 
the  public. 

Let  us  return  to  the  figure  of  the  hour-glass  or  pe; 
shaped  space  about  the  Sun  and  Jove,  remembering  that 
is  nearly  a  figure  of  revolution  about  the  jv-axis  ^y.    Imagi 
this   whole   space   filled   with   nebulosity   such   as  we  see 
comets  or  in  the  nebulae  of  space.    This  is  conceived  to 
an  excessively  tenuous  medium  essentially  devoid  of  hydi 
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static  pressure,  with  the  individual  particles  pursuing  their 
own  orbits  and  seldom  coming  into  collision  with  others. 

Then  as  the  medium  will  at  length  become  densest 
about  the  central  masses  S  and  %  it  is  evident  that  all 
particles  moving  in  orbits  about  these  bodies  will  be  confined 
to  the  hour-glass  space  already  explained.  They  may  traverse 
it  in  various  ways,  but  usually  will  move  in  planes  not 
departing  greatly  from  that  of  the  circular  orbit  of  .S  and  y. 
Now  as  all  move  against  resistance,  they  will  steadily  drop 
down  nearer  and  nearer  the  two  centres  of  attraction.  In 
a  moderately  short  time  many  of  the  particles  will  enter 
Jove's  sphere  of  influence  to  depart  no  more,  while  still  more 
will  pass  wholly  under  the  influence  of  the  Sun.  The  rest 
will  circulate  about  the  two  masses  or  pass  between  them, 
and  pursue  retrograde  orbits  about  one  centre  or  the  other. 
The  condensation  at  these  centres  will  increase  steadily, 
owing  to  the  effects  of  resistance,  and  we  shall  have  two 
equal  or  unequal  masses,  according  to  the  original  supply 
of  nebulosity  as  it  flows  into  these  centres. 

Usually  there  will  be  a  large  central  condensation  or 
sun,  and  attendant  planets;  but  in  some  cases  there  may 
be  a  nearly  equal  division  of  the  nebulosity,  as  in  the 
double  stars  (cf.  figure  6). 

The  distribution  of  mass  in  a  system  depends  on  initial 
conditions.  If  as  a  nebula  coils  up  and  condenses  under 
gravity,  there  is  a  considerable  companion  nucleus  already 
begun,  the  supply  of  nebulosity  may  be  such  as  to  give  a 
pair  of  nearly  equal  masses,  with  smaller  satellites  near  each 
body.  In  some  cases  there  will  be  a  single  remote  body, 
md  another  closer  pair  of  stars,  as  in  triple-star  systems; 
ft'hile  in  yet  others  the  division  will  give  quadruple  and 
multiple  stars  and  clusters  of  higher  order.  Such  equable 
division  takes  place  where  the  original  nebula  is  so  widespread 
IS  to  permit  the  development  of  multiple  centres  of  attraction, 
ill   of  large  size  and  comparable  in  mass. 

XL   The  formation  of  double  and  multiple  stars 
and  planetary  systems. 

It  is  evident  from  the  above  considerations  that  the 
resulting  mass-ratio  in  a  system  depends  on  the  supply  of 
nebulosity  and  the  original  nuclei  already  begun  and  slowly 
developing  in  the  nebula  when  it  was  still  of  vast  extent 
ind  great  tenuity.  The  resisting  medium  operates  to  build 
up  the  nuclei  already  started ;  and  as  the  sphere  of  influence 
of  each  nucleus  is  thus  extended,  the  power  of  capturing 
additional  nebulosity  steadily  increases.  In  a  system  of  two 
principal  bodies  the  planet  may  in  some  cases  thus  rival 
the  sun;  but  in  general  the  sun's  influence  will  predominate, 
svhile  the  remaining  nebulosity  will  be  divided  among  a 
lumber  of  planets  all  comparatively  small. 

Thus  we  are  justified  in  believing  that,  since  the  stars 
tiave  in  general  resulted  from  the  condensation  of  nebular 
I'ortices,  or  whirl-pool  nebulae,  nearly  all  the  stars  have 
systems  of  planets  circulating  about  them;  but  it  is  obvious 
:hat  the  double  stars  and  spectroscopic  binaries  are  the  only 
ittendant  bodies  which  are  sufficiently  luminous  or  sufficiently 
massive  to  be  detected,  with  our  existing  instruments  at  the 
arreat  distance  of  the  fixed  stars. 


According  to  this  view  there  will  exist  in  the  heavens 
all  sizes  of  attendant  bodies,  from  infinitesimal  planets,  such 
as  those  observed  in  the  solar  system,  to  double  stars,  with 
equal  or  comparable  companions.  In  systems  with  double 
or  multiple  distribution  of  mass,  the  planets  which  are  de- 
veloped, if  they  are  to  continue  to  revolve  in  stable  orbits, 
will  have  to  be  near  the  large  masses,  so  as  to  keep  within 
the  closed  surfaces  about  these  centres  of  attraction,  or  at 
great  distances  from  them.  Probably  both  classes  of  planets 
may  be  inferred  to  exist  in  the  immensity  of  space.  But  it 
is  worth  while  to  notice  that  in  double-star  systems  with 
very  eccentric  orbits  the  region  of  stability  about  each 
mass  is  considerably  narrowed;  because  the  closed  Hill 
surface  is  of  extremely  variable  radius,  being  very  large 
when  the  stars  are  in  apastron  and  very  small  when  at 
periastron.  The  constants  of  energy,  if  we  may  still  use 
that  expression,  for  particles  revolving  in  such  eccentric 
systems  would  thus  be  very  fluctuating,  and  the  destructive 
tendency  much  greater  than  in  systems  with  approximately 
circular  orbits. 

XII.  Analogy  between  the  dynamical  division  of  a 
nebula  under  the  secular  action  of  a  resisting  medium 
and  the  rupture  of  the  figure  of  equilibrium  of  a 
rotating  mass  of  fluid  calculated  by  mathematicians. 

The  form  of  the  energy  surfaces  about  a  revolving 
sun  and  planet  has  been  shown  to  be  closely  similar  to 
that  of  a  rotating  and  condensing  mass  of  fluid  kept  in 
equilibrium  under  the  pressure  and  attraction  of  its  parts. 
The  mathematical  difficulties  encountered  in  the  investigation 
of  the  figures  of  equilibrium  have  proved  to  be  nearly  in- 
superable, and  the  results  necessarily  have  been  restricted 
to  the  case  of  fluid  which  is  both  homogeneous  and  in- 
compressible, which  does  not  accord  with  the  conditions  in 
actual  nature.  Under  the  circumstances  it  has  been  very 
difficult  for  the  mathematician  to  attack  the  more  general 
problem  of  the  division  of  heterogeneous  compressible  masses^ 
such  as  the  nebulae  have  long  been  supposed  to  be. 

If  the  above  line  of  treatment  is  admissible,  we  see 
that  elaborate  mathematical  treatment  of  this  problem  is 
now  rendered  unnecessary  by  the  retarding  and  degrading 
influence  of  the  resisting  medium.  To  see  what  will  happen 
in  any  case,  all  that  is  required  is  to  calculate  the  form  of 
the  energy  surfaces  and  draw  limiting  surfaces  of  energy 
with  the  pear-shaped  figure  connecting  the  sun  and  planet. 
The  division  of  the  nebulosity  is  then  necessarily  effected 
automatically,  by  the  resisting  medium;  and  is  in  accordance 
with  the  total  supply  of  material  and  its  distribution  in  the 
system  at  some  initial  epoch.  Of  course  the  exact  form  of 
the  pear-shaped  surface  depends  on  the  mass  of  the  planet 
and  its  distance  when  the  system  is  started,  and  it  changes 
with  the  development  of  the  two  bodies. 

This  is  a  comparatively  simple  conception  and  is 
capable  of  much  more  lucid  treatment  than  that  depending 
on  figures  of  equilibrium  of  rotating  masses  of  fluid.  Nor  will 
the  variations  of  density  in  the  nebular  medium  in  general 
exert  any  unfavorable  influence  on  the  final  result.  It  is 
moreover  in  accord  with  actual  conditions  in  nature,  so  far 
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as  these  may  be  inferred  from  the  study  of  the  nebulae, 
and  from  the  theory  of  gases.  It  is  not  necessary  to  take 
up  in  this  paper  the  problem  of  the  density  of  the  nebulo- 
sity in  the  pear-shaped  or  hour-glass  space;  but  we  may 
remark  that  the  problem  has  been  treated  from  different 
standpoints  by  the  following  well-known  authors: 

i)  J.  Homer  Lane  (American  Journal  of  Science,  July, 
1870),  who  considers  the  gaseous  theory  of  the  sun's  con- 
stitution, and  develops  the  theory  of  a  gaseous  mass  in 
convective  equilibrium. 

2)  Lord  Kelvin  (Popular  Lectures  and  Addresses, 
p.  376-429),  who  treats  the  gravitational  theory  of  the 
sun's  heat,  and  (in  Proc.  Roy.  Soc.  of  Edinburgh,  Vol.  28, 
Part  IV,  March  9,  1908)  solves  the  problem  of  a  spherical 
gaseous  nebula  under  several  hypotheses. 

3)  A.  Ritter,  who  treats  various  problems  in  Wiede- 
mann's Annalen,   1878-188  2. 

4)  G.  W.  Hill,  in  Annals  of  Mathematics  (Vol.  4,  No.  i, 
February,   1888). 

5)  G.  H.  Darw'in,  Phil.  Trans.,  Roy.  Soc,  Nov.  15, 
1888.  He  treats  the  mechanical  condition  of  a  swarm  of 
meteorites  from  the  gaseous  standpoint. 

6)  T.  J.  J.  See,  who  treats  very  fully  the  monatomic 
theory  in  A.  N.  4053,  November,   1905. 

Among  these  various  papers  Darwin's  is  the  only  one 
which  considers  the  mass  to  be  a  swarm  of  meteorites;  but 
even  he  adopts  the  theory  of  gases,  which,  however,  is  only 
partially  valid  for  nebular  conditions.  Probably  the  law  of 
density  found  by  the  present  writer  in  A.  N.  4053,  which 
makes  the  density  increase  quite  slowly  and  become  exactly 
six  times  the  mean  density  at  the  centre,  is  that  which  will, 
on  the  whole,  accord  best  with  the  conditions  of  the  nebulae. 
In  the  present  paper  it  is  sufficient  to  remark  that  the  density 
of  the  nebulosity  or  cosmical  dust  certainly  increases  toward 
each  centre,  but  the  rate  of  increase  is  likely  to  be  less 
rapid  than  in  the  case  of  ordinary  gases,  which  makes  the 
central   density   about   twenty-three  times  the  mean  density. 

Leaving  these  details  to  the  future,  it  is  evident  that 
the  process  of  automatic  division,  by  degradation  of  energy 
under  the  action  of  a  resisting  medium,  always  going  on 
in  a  nebula,  is  comparatively  simple;  and  easily  understood 
in    connection    with    the    closed    surfaces    which    operate    to 


captvu-e  the  particles  of  nebulosity.  This  slow  dynam 
process,  by  which  particles  are  gathered  in  one  by  ( 
takes  indeed  a  very  long  time;  because  it  depends  on 
degradation  of  the  energy  under  resistance,  but  its  mod 
operation  is  sure,  and  the  final  outcome  beyond  doubt. 

Though  this  new  line  of  thought  deprives  us  of 
principles  of  hydrostatic  pressure,  heretofore  largely  invc 
in  these  researches  on  cosmical  evolution,  and  we  hav( 
give  up  the  historical  point  of  view  as  largely  inapplici 
to  the  nebulae,  yet  as  it  can  no  longer  be  held  that 
attendant  masses  are  detached  by  rotation  proceeding  f 
the  centre  of  the  system,  as  formerly  believed,  perhaps 
shall  have  less  need  for  the  theory  of  hydrostatics, 
figures  of  the  connecting  energy  surfaces,  as  defining 
boundaries  of  capture,  may  well  take  the  place  of  the  fig 
of  equilibrium  of  rotating  masses  of  fluid.  The  methoc 
attack  here  adopted  is  therefore  much  simpler,  and  poss 
less  exact,  than  those  followed  by  Poincare  and  Dan 
and  although  the  conclusions  drawn  from  the  two  linei 
investigation  are  similar,  one  cannot  help  thinking  that 
latter  process  conforms  much  more  closely  to  the  lav 
nature  than  that  based  on  figures  of  equilibrium, 
process  of  automatic  division  we  may  call  Nebular  Fissi 
in  contrast  to  the  process  of  Fluid  Fission,  found  f 
the  researches  of  mathematicians  on  the  figures  of  equilibr 
of  rotating  masses  of  fluid. 

In  conclusion  it  only  remains  to  add  that  the  wri 
indebtedness  to  the  researches  of  Hill,  Poincare  and  Dar 
for  valuable  suggestions  in  connection  with  the  problem 
Cosmical  Evolution,  has  been  sufficiently  pointed  out  in 
papers  published  during  the  past  eighteen  years;  but 
may  here  emphasize  the  profound  significance  of  the  fan 
Researches  in  the  Lunar  Theory,  of  the  classic 
thodes  Nouvelles  de  la  Mecanique  Celeste,  and 
the  celebrated  Memoir  on  Periodic  Orbits,  without  wl 
it  is  to  be  feared  the  problems  here  attacked  would  1 
remained  insoluble.  Imperfect  as  this  feeble  effort  may 
he  entertains  the  hope  that  it  has  considerably  cleared 
the  problem  of  the  capture,  and  transformation  of  the  or 
of  satellites,  and  of  the  Fission  of  Nebulae  under  the  Sec 
Action  of  a  Resisting  Medium,  on  which  Cosmical  Evolu 
so  largely  depends. 


U.  S.  Naval  Observatory,  Mare  Island,  California,   1909  May  6. 
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Dynamical  Theory  of  the  capture  of  satellites. 


The  Spiral  Nebula  M.  51   Canum  Venaticorum. 


Fig.  6. 

Lick  observatory  photograph  showing  vast  cosmical  system  de- 
veloping from  a  nebular  vortex  made  by  the  gravitational  settling 
of  a  nebula  of  unsymmetrical  form,  or  by  the  mutual  coiling  up 
of  two  independent  streams  of  nebulosity.  The  principal  point  of 
condensation  naturally  is  in  the  centre  of  the  vortex,  but  secon- 
dary nuclei  are  shown  to  be  forming  in  the  coils  wound  about  it. 
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physical  cause  which  has  determined  the  directions  of  the  rotations 
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Origin  of  the  lunar  terrestrial  system  by  capture,  with  further  con- 
siderations on  the  theory  of  satellites  and  on  the  physical  cause  which  he 
determined  the  directions  of  the  rotations  of  the  planets  about  their  axe; 
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I.  Comparison  of  the  moon  with  other  satellites 
of  the  solar  system. 

In  A.  N.  4308  the  writer  has  adduced  arguments 
tending  to  show  that  the  planets  and  satellites  of  the  solar 
system  have  in  no  case  been  detached  from  the  central 
masses  which  now  govern  their  motions,  but  have  all  been 
captured,  or  added  from  without,  and  have  since  had  their 
orbits  reduced  in  size  and  rounded  up  under  the  secular 
action  of  the  nebular  resisting  medium  formerly  pervading 
our  system.  And  in  A.  N.  4341-42  an  outline  of  the 
dynamical  basis  of  this  new  theory  of  the  origin  of  our 
satellite  systems  has  been  developed  in  sufficient  detail  to 
render  it  intelligible.  The  methods  there  given  appear  to 
be  entirely  rigorous,  and  sufficiently  general  to  be  convincing 
without  the  examination  of  particular  phenomena,  except  in 
the  case  of  the  earth  and  moon,  which  is  the  only  planetary 
subsystem  about  which  any  doubt  could  arise. 

The  principal  circumstance  which  might  make  our 
moon  seem  different  from  the  other  satellites  is  its  relatively 

large    mass,    which    amounts    to   of  the   mass   of  the 
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earth,  (cf.  A.  N.  3992,  p.  117).  This  long  ago  led  Professor 
Sir  G.  H.  Darwin  and  others  to  the  belief  that  its  mode 
of  origin  probably  was  quite  different  from  that  of  the 
other  satellites  of  the  solar  system.  But  the  considerations 
adduced  by  former  writers  rest  on  the  hypothesis  that  our 
moon  and  the  other  satellites  have  been  detached  from  the 
central  masses  which  now  govern  their  motions,  and  in 
A.  N.  4308  this  hypothesis  has  been  shown  to  be  no  longer 
admissible.  If  our  reasoning  that  the  satellites  have  been 
captured  is  valid,  it  becomes  advisable  to  examine  the 
special  case  of  the  moon  with  some  care,  and  to  inquire 
whether  the  moon  is,  after  all,  relatively  so  large,  or  the 
earth  merely  comparatively  small.  In  the  following  table 
will  be  found  what  I  believe  toT'  be  the  best  available 
diameters  of  the  satellites  of  the  solar  system. 

Table  of  satellite  diameters. 


Planet 

Satellite 

Diameters 

in 
kilometers 

Mass  in  terms  1 

of  the  earth's       Density 

mass  as  unity 

The  earth 
Mars 

The  moon 

Phobos 

Deimos 

3480.5 
58 
16 

I  :  81.45 

331 

Diameters 

Mass  in  terms 

Planet 

Satellite 

in 
kilometers 

of  the  earth's 
mass  as  unity 

Density 

Jupiter 

V 

5°    ^ 

— 

— 

I 

3145*) 

I  :  1 1 1.2 

329 

II 

2817 

I  :  135-5 

376 

III 

4770 

1:38.75 

2.70 

IV 

4408 

I  :  146.5 

0.90 

VI 

160 

— 

— 

VII 

50 

— 

— 

VIII 

50 

— 

— 

Saturn 

Mimas 

351 

I  :  143200 

1.8 

Enceladus 

528 

I  :  42 100 

8 

Tethys 

866 

I  : 9450 

8 

Dione 

1032 

I  :  5642 

8 

Rhea 

"^ZZ^ 

I  : 2632 

8 

Titan 

5049*) 

I  :49.4 

79 

Hyperion 

315 

I : 197600 

8 

Themis 

300 

I  : 200000 

8 

Japetus 

1314 

I  :  1053 

4 

77 

Phoebe 

320 

I  :  200000 

8 

Uranus 

Ariel 

1030 

I  : 5700 

83 

Umbriel 

835 

I : 10670 

83 

Titania 

1350 

I : 2522 

83 

Oberon 

1295 

I  :2856 

83 

Neptune 

Satellite 

2962 

1:238.7 

83 

•)  A.  N.  3764. 


II.  Further  considerations  on  the  capture 
of  the  satellites. 

In  the  paper  on  the  dynamical  theory  of  the  captu 
of  satellites  (A.  N.  4341-42),  it  has  been  shown  that  ; 
the  satellites  of  the  solar  system  are  well  within  I 
G.  W.  Hill's  closed  surfaces  about  the  several  planets ;  ai 
it  is  made  quite  clear  how  these  bodies  have  been  broug 
within  these  folds  by  the  secular  action  of  the  nebul 
resisting  medium  formerly  pervading  our  planetary  systei 
As  is  there  pointed  out,  this  disturbing  cause  has  the  effe 
of  adding  a  secular  term  to  the  Jacobian  integral,  whii 
thus  becomes  of  the  form : 
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In  accordance  with  the  usual  notation  of  dynamics, 
^  subscript  /  may  be  used  in  this  equation;  for  it  will 
Id  for  an  infinite  number  of  particles  of  nebulosity  in 
;  system,  and  each  particle  will  have  its  own  surfaces  of 
ro  relative  velocity.  The  secular  coefficient  is  different 
■  different  particles,  even  when  the  coordinates  are  the 
ne;  because  it  depends  on  the  velocity  and  direction  of 
)tion  at  the  initial  epoch.  It  will  be  determined  by  the 
dstance  encountered  along  the  actual  path,  and  as  infinite, 
riation  in  the  trajectory  is  possible,  the  value  of  the 
efficient  a^  cannot  be  exactly  specified  for  any  given 
;e.  It  is  easy  to  see,  however,  that  it  will  always  be  a 
finite  one  valued  function.  In  the  long  run  it  will  be 
sitive,  though,  through  the  accidental  collisions  of  the 
rticle  with  others  having  different  velocities  and  directions, 
may  temporarily  become  negative.  If  a^,  a.,,  a^- -  - a^ 
the  values  which  this  coefficient  acquires  at  the  epochs 
4>  h'  '  ' ij,  owing  to  accidental  collisions  of  the  particle, 
ne  being  positive  and  others  negative,  it  is  clear  that 
a  long  interval  of  time  we  may  take 


«^=  f     ^  -i 


(B) 


For  any  given  path,  starting  at  an  initial  epoch,  t-, 
>  function  will  always  be  definite  and  comparatively 
ill;  but  as  the  collisions  are  countless,  and  the  values 
the  terms  in  the  series  a^,  a.,,  a^---a-  will  vary  from 
;  particle   to  another  according   to   the   path,    no   two    of 

coefficients  «^-  can  be  expected  to  be  the  same.  We 
y  form  some  idea  of  the  numerical  values  of  these 
fficients  by  taking  «i  ==  o.oooooooi,  and  t^  =  looooooo 
rs.  Then  for  a  particle  with  such  a  path  the  second 
mber  of  equation  (A)  will,  after  the  lapse  of  ten  million 
rs,  have  increased  by  o.i.  This  will  bring  the  Hill 
face  of  the  particle  considerably  nearer  the  central  masses 
n  it  was  at  the  outset,  so  that  in  time  it  will  become 
5ed  for  that  particle  about  one  of  the  bodies,  and  the 
tide  will  therefore  become  a  permanent    satellite    of  the 

or  planet. 

Moreover,  as  the  numerical  value  of  the  coefficient  ac- 
tuates somewhat  with  the  time,  owing  to  collisions,  it 
clear  that  the  Hill  surface  is  not  strictly  of  constant 
tensions,  but  varies  slightly,  according  to  the  nature  of 
collisions  which  the  particle  suffers  in  its  path  about 
and  J. 

III.    Hill's  closed  surface  about  the  earth. 

We  shall  now  consider  somewhat  more  fully  the 
blem  of  the  origin  of  the  terrestrial  moon.  From  the 
1  given  by  the  table  in  the  article  above  mentioned   on 
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=  c 


«./.■ 


t  ==  oo 
z   =   o 
/  =  time 


(A) 


the  dynamical  theory  of  the  capture  of  satellites,  we  see 
that  in  this  case  the  closed  surface  extends  to  about 
1497  57  7  kilometers  from  the  centre  of  the  earth,  or  about 
four  times  the  present  distance  of  the  moon.  This  agrees 
very  well  with  Dr.  Hill's  estimate  of  the  extent  of  this 
surface  in  his  » Researches  in  the  Lunar  Theory «,  pp. 
300-301-334,  where  he  finds  the  value  of  maximum  lunation 
to  be   204.896   days. 

It  is  true  that  in  his  Mecanique  Celeste,  Tome  I, 
p.  109,  Poincare  has  traced  a  looped  orbit  of  even  wider 
extent  and  longer  period,  and  Lord  Kelvin  has  drawn  an 
orbit  of  similar  type  in  the  Philosophical  Magazine  for 
November,  1892,  p.  447;  but  Professor  Sir  G.  H.  Darwin 
justly  points  out  (cf  Periodic  Orbits,  p.  192),  that  b.oth  of 
these  eminent  mathematicians  have  neglected  the  solar 
parallax,  so  that  the  solutions  given  do  not  quite  correspond 
with  the  ideal  conditions  of  the  problem.  We  are,  of 
course,  concerned  here  only  with  the  space  within  the  cusps 
as  given  by  Dr.  Hill,  and  not  at  all  with  the  loops  found 
by  Poincare  and  Lord  Kelvin. 

If  our  moon  has  therefore  been  captured  by  the 
earth,  it  has  at  length  come  well  within  Hill's  closed 
surface.  In  fact,  the  moon  revolves  at  a  distance  cor- 
responding to  the  inner  fourth  of  the  possible  radius.  The 
same  thing  is  true  of  the  other  satellites  of  our  solar  system, 
and  they,  too,  are  near  the  central  portions  of  their  several 
closed  surfaces. 

Dr.  Hill  remarks  that  »If  the  body  whose  motion  is 
considered,  is  found  at  any  time  within  the  first  fold  (the 
closed  space  about  the  earth),  it  must  forever  remain  within 
it,  and  its  radius  vector  will  have  a  superior  limit. « 
Neglecting  the  secular  effects  of  the  resisting  medium  upon 
Jacobi's  integral,  which  has  not  been  considered  by  previous 
writers,  Moulton  and  others  have  drawn  the  unwarranted 
conclusion  that  because  a  satellite  cannot  now  escape  from 
a  planet,  so,  also,  conversely  such  a  satellite  cannot  have 
come  to  its  planet  from  a  great  distance  (cf.  Astrophys. 
Journal,  Vol.  22,  pp.  177-178).  But  in  the  paper  on  the 
dynamical  theory  of  the  capture  of  satellites,  we  have 
established  the  erroneous  character  of  this  reasoning. 
Probably  a  considerable  number  of  astronomers  and  mathe- 
maticians have  been  misled  by  this  deceptive  argument, 
which  has  the  appearance  of  sound  mathematics,  but  is 
easily  shown  to  lead  to  false  conclusions. 

In  no  other  way  can  we  account  for  the  failure  of 
previous  writers  to  recognize  a  truth  which  is  of  the  first 
order  of  importance  in  our  theories  of  the  heavenly  motions, 
and  which  alone  gives  us  a  clear  insight  into  the  nature 
of  cosmical  evolution.  This  process  by  which  satellites 
are  captured  and  reduced  to  order  and  stability  by  revolving 
against  resistance,  is  undoubtedly  one  of  nature's  greatest 
laws,  and  it  operates  uniformly  throughout  the  physical 
universe. 
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IV.  Physical  grounds  for  classifying  the  moon  with 
the  other  sateUites,  all  of  which  have  been  captured. 

It  will  be  seen  from  the  foregoing  table  that  two  of 
Jupiter's  satellites,  III  and  IV,  are  considerably  larger  than 
our  moon;  while  Saturn's  satellite  Titan  is  much  larger. 
Jupiter's  satellites  I  and  II  have  diameters  nearly  as  large 
as  that  of  the  moon,  and  the  same  is  true  of  the  satellite 
of  Neptune,  to  which,  however,  considerable  uncertainty 
attaches,  owing  to  the  great  distance  of  that  planet.  In 
all  cases  where  the  satellites  present  no  telescopic  discs 
the  diameters  are  calculated  from  the  brightness,  the  albedo 
being  taken  to  be  the  same  as  that  of  the  planets  about 
which  they  revolve,  and  the  density  one-third  that  of 
the  earth. 

If  therefore  two  satellites  larger  than  the  moon  and 
two  almost  as  large  exist  in  the  system  of  Jupiter,  and  if 
Titan  in  the  system  of  Satvim  is  much  larger,  while  the 
satellite  of  Neptune  is  almost  as  large,  and  the  two  larger 
satellites  of  Uranus  probably  have  diameters  about  half  as 
large,  it  cannot  really  be  said  that,  when  judged  by  the 
size  of  the  satellites  observed  in  other  parts  of  the  solar 
system,  our  moon  is  abnormally  large.  The  real  fact  is 
that  the  earth  is  comparatively  small.  And  this 
makes  the  moon  seem  relatively  large,    and  gives  rise  to  a 

mass -ratio    of  ,    which    is    much    the    largest    in    the 

81.45  I 

solar  system,  Jupiter  being of  the  sun's  mass,  and 

I  1047-35 

Titan    only  of   the    mass    of   Saturn.      So  far    as    one 

4700 

may  judge  from  these  considerations,  therefore,  there  is 
nothing  improbable  in  the  view  that  the  moon,  too,  was 
captured  by  the  earth. 

If  we  recall  that  our  planet  is  considerably  the  most 
massive  body  within  the  orbit  of  Jupiter,  and  that  the  sun's 
enormous  mass  has  been  built  up  by  the  gathering  in  of 
small  bodies,  many  of  them  certainly  as  large  as  the 
satellites,  and  perhaps  even  as  large  as  the  terrestrial 
planets,  it  will  be  seen  that  the  capture  of  the  moon  by 
the  earth  presents  no  inherent  improbability.  The  throwing 
of  hundreds  of  small  planets  within  the  orbit  of  Jupiter 
(of.  A.  N.  4308),  and  the  capture  of  dozens  of  periodic 
comets  in  the  same  way,  affords  us  a  good  idea  of  the 
state  of  the  solar  system  in  the  remote  past.  As  the 
illustrious  Euler  remarked  before  the  cosmogonic  theories 
of  Kant  and  Laplace  were  proposed,  the  earth  itself  at  one 
time  moved  as  far  out  as  where  the  asteroids  now  circulate, 
and  we  may  add,  in  an  orbit  of  considerable  eccentricity. 
That  such  a  planet  as  the  earth  should  capture  a  companion 
planet  (for  the  moon  is  nothing  but  one  of  the  neighboring 
planets  which  were  once  so  numerous  in  our  system),  is 
ptrfectly  natural,  and  now  demonstrated  to  be  entirely 
within  the  range  of  possibility. 

V.    The  chief  objection  to  the  theory  that  the 

moon   was    captured   based   on   Darwin's   researches 

on  tidal  friction  and  cosmogony. 

The  chief  objection  to  the  theory  that  the  moon  was 
captured    is    based    on    Darwin's    celebrated    researches    on 


tidal  friction  and  cosmogony  (Proc.   and  Phil.   Trans., 
Soc,  1878-1882). 

The  present  writer  has  studied  this  work  cl 
during  the  past  twenty  years  and  considers  that 
conclusions  drawn  by  Darwin  are  quite  justified  in 
premises.  On  the  traditional  view  that  the  satellites 
detached  from  the  planets  which  now  govern  their  mol 
as  taught  by  Laplace  and  his  successors  for  more  thi 
century,  no  other  outcome  than  that  traced  by  the  ma« 
hand  of  Sir  George  Darwin  was  possible.  But  if  our 
of  view  is  now  changed,  and  we  see  clearly  that  all 
other  satellites  were  captured,  the  question  naturally  i 
whether  any  good  grounds  can  be  adduced  to  show 
the  moon  should  be  considered  to  be  an  exception  ir 
cosmogony  of  the  solar  system.  After  a  very  careful 
sideration  of  all  the  relations  involved,  it  seems  to  me 
we  shall  have  to  give  up  this  idea,  and  regard  the  i 
as  in  the  same  class  with  the  other  satellites. 

It  is  true  that  Darwin's  work  appears  to  be 
together  very  powerfully  by  the  relations  he  has  brc 
out  between  such  elements  as  the  earth's  time  of 
rotation,  the  obliquity  of  the  ecliptic,  the  eccentricit 
the  lunar  orbit,  etc.,  and  the  secular  changes  of 
elements  during  past  ages.  With  admirable  philosc 
frankness  Darwin  asks  whether  all  these  apparent 
firmations  of  his  theory  can  be  accidental.  If  we 
believed  the  satellites  were  formed  by  any  kind  of  separ 
or  process  of  detachment,  as  was  taught  by  Laplace 
should  unhesitatingly  answer  by  saying  that  the  relation 
which  Darwin  has  so  skillfully  traced  could  not  wel 
the  result  of  chance.  But  with  the  whole  point  of 
now  changed,  and  the  capture  of  the  satellites  shown 
possible,  in  the  way  above  described,  —  by  the  exte 
of  the  methods  of  Hill,  Poincare  and  Darwin,  the  la 
work  being  especially  useful  and  suggestive,  all  of  v 
have  come  into  use  since  the  work  on  tidal  friction 
cosmogony  was  published  thirty  years  ago,  —  it  is  dil 
to  escape  the  impression  that  the  relationship  there  br( 
out  will,  after  all,  prove  to  be  largely  or  wholly  accid( 

It  might  be  best  to  leave  the  settlement  of 
question  to  the  future,  and  avoid  drawing  hasty  conclu 
on  so  weighty  a  matter.  For  the  probabilities  in  the 
will  appear  different  to  different  minds.  Some  will 
doubt,  prefer  the  traditional  view,  and  believe  that 
moon  has  been  detached  from  the  earth,  while  others 
think  it  more  probable  that,  like  the  other  satellite 
came  to  us  from  the  planetary  spaces,  and  has  since  n< 
the  terrestrial  globe  about  which  it  revolves.  In  any 
tidal  friction  has  exercised  some  influence  on  the 
history  of  the  lunar  terrestrial  system ;  but  here,  as  elsev 
in  nature,  the  influence  of  the  resisting  medium  has  la 
counteracted  the  secular  effects  of  tidal  friction.  I) 
moon  came  from  the  heavenly  spaces,  the  eccentricit 
the  lunar  orbit  is  more  likely  to  be  the  survival  0 
original  eccentricity  than  a  development  due  to  tidal  fric 
because  in  this  event  the  latter  cause  will  have  been  1 
less  powerful  than  has  been  heretofore  supposed. 
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If  the  moon  was  captured,  and  not  detached  from 
earth,  as  Darwin  supposed,  there  would  be  no  necessary 
itionship,  and  but  little  exchange  need  have  taken  place, 
ween  the  moment  of  momentum  of  the  earth's  axial 
ation  (0.7044)  and  the  moment  of  momentum  of  the 
on's  orbital  motion  (3.384).  And  the  great  moment  of 
mentum  of  the  whole  lunar  terrestrial  system  might  be 
more  easily  explained.  The  moon's  great  distance  and 
itively  large  mass  is  favorable  to  a  large  orbital  momentum, 
1  thus  it  might  well  be  4.8  times  that  of  the  earth's 
al  rotation  (cf.  Appendix  to  Thomson  and  Tail's  Nat. 
ilos.,  Volume  I.,  Part  II.,  p.  508),  even  if  the  latter  had 
been  decreased  and  the  former  increased  by  tidal  friction, 
fact,  this  very  large  moment  of  momentum  of  the  moon's 
ital  motion  is  a  very  suspicious  circumstance,  and  is  not 
ily  explained,  except  on  the  supposition  that  it  points 
ictly  to  the  capture  of  our  satellite.  If  so,  we  shall 
e  to  give  up  the  accepted  view  that  the  earth  formerly 
ited  so  rapidly  that  it  was  highly  oblate  and  finally 
ame  unstable  and  broke  up  into  two  masses;  and  the 
responding  problems  of  Astronomy,  Physics  of  the 
th  and  Geology  will  have  to  be  re-examined  from  the 
und  up. 

VI.    Darwin's  graphical  method  of  representing 
:  past  history  of  the   earth    and   moon   under   the 
secular  action  of  tidal  friction. 

On  account  of  the  high  importance  of  realizing   fully 

great  strength  of  the  celebrated  graphical  method  which 

-win  developed  at  the  suggestion  of  Sir  W.  Thomson,  as 

1    as    the    weakness    underlying    the    interpretation    of   it 

etofore  adopted,    it  becomes  necessary  to  explain   briefly 

fundamental  equations  with  the  accompanying  diagram. 

Let  Af  be  the  mass  of  the  earth,  m  that  of  the  moon, 

he  angular  velocity  of  the  two  bodies  about  their  common 

tre  of  gravity,  the  orbit  being  supposed  circular.    Introduce 

pecial  system  of  units  designed  to  reduce  the   analytical 

ressions  to  their  simplest  forms,  and  take  the  unit  of  mass 

Mm 
be  — ,    the    unit  of  length  y  to  be  such  a  distance 

t  the  moment  of  inertia  of  the  planet  about  its  axis  of 
Ltion  shall  be  equal  to  the  moment  of  inertia  of  the  earth 
,  moon,  treated  as  particles,  about  their  centre  of  inertia, 
m  distant  ;'  apart  from  each  other.  Then  if  C  be  the  earth's 
ment  of  inertia  about  its  axis  of  rotation,  we  shall  have 
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or 
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Take  for    the    unit    of   time  x   the    interval    in    which 
the    satellite    revolves    through    57?3,    when    the    satellite's 

radius  vector  is  equal  to  ;';   then  —  is  the  orbital  angular 
velocity,  an  by  Kepler's  law  of  periodic  times, 

^-2^3  __  ^[M^m)  (2) 

where  /<-  is  the  attraction  between  unit  masses  at  unit  distance. 
Substituting   for  y  its  value  in   (i),  we  get 

_   (C^{M-^m)\^U  I   . 

\    ii^MniY   )  ^^^ 

This  special  system  of  units    makes    each    of   the    fol- 
lowing expressions  unity : 

fi'I^Mm{M-hm)-^l'';  fiMm;  and   C. 

The  moment   of  momentum   of  orbital    motion,    in    a 
circular  orbit  of  radius  r  is 
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And  Kepler's  law  gives 
^V^'  =  ii{M+77i),  or  i2r-  =  ii"^^{M- 


rHl 


Vs^Va 


(4) 


Therefore,  by  means  of  the  special  units,  the  moment 
of  momentum  of  orbital   motion  in  (4)   becomes 


fil^Mm[M-^  77i)-'l^r 


72    =    ^Va 


The  moment  of  momentum  of  the  earth's  rotation  is 
Cn,  where  C  is  the  moment  of  inertia  and  «  the  angular 
velocity  of  rotation.  The  total  moment  of  momentum  of 
the  system  is  constant,  and  made  up  of  two  parts,  one 
depending  on  the  rotation  of  the  earth  about  its  axis,  the 
other  on  the  orbital  motion  of  the  two  bodies  about  their 
centre  of  inertia;  therefore  if  h  be  this  constant,  we  have 
in  the  special  units 

h  =  n-hrl^  .  (7) 


~M[-- I  Si--i m\—- I  n- 

2  \M-h77l/  2         \M-h7n/ 


The  kinetic  energy  of  orbital  motion  is 
M771       „ ,  ,  I  fiMm 


2   M-\-m 


Hi- 


The  kinetic  energy  of  the    earth's   rotation  is  —  Cti^, 

2 

,  .     ,  r       ,  ■  M77I 

,  the  potential  energy  of  the  system  is    —11 .      The 

r 

1  of  these  three  energies,    in  the    special   units,    becomes 

I 

2e  =  n- 

r 

ting  X  =  //',  y  =^  71,    Y  =   2e  (10 


9) 


Darwin    has    illustrated     these     fundamental    equations    and 

another  called  rigidity,    which  gives    the    condition  the    two 
bodies  should  revolve  as  parts  of  a  rigid  system : 

Momentum,              h  =^  y-^  x  (11) 

Energy,                     F  =  j/^ -z=[h  —  xY ^  (12) 

.T-  X'' 

Rigidity,                x'^y  =^  \  .  (13) 
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Equation  (ii)  is  the  equation  of  conservation  of 
moment  of  momentum;  (12)  the  equation  of  energy;  (13) 
that  of  rigidity.  When  the  system  is  once  started,  //  remains 
rigorously  constant  under  any  interaction  between  the  two 
bodies,  but  >'  degrades,  and  the  curve  of  energy  has 
maximum  and  minimum  values  defined  by  the  condition 

dy 

-^—  =  o     or    x'^  —  /ix^  -I- 1    ^  o   . 

Ox 


(14) 


Taking  the  moon's  mass  to  be  —  of  the  earth's  m 

and  the  earth's  moment  of  inertia  as  —  Ma^,  Darwin  fo 

I         3 
the  special  unit  of  mass  to  be  -—  of  the  earth's  mass, 

83 

unit   of  length   5.26  radii   of  the  earth  (33506  kilomet( 
and  the  unit  of  time   2'*  41'". 


In  these  units  the  present  angular  velocity  of  the 
■earth's  rotation  becomes  0.7044  and  the  moon's  radius 
vector  11.454.  This  position  of  the  moon  is  indicated  in 
the  diagram  by  the  point  P,  and  the  moment  of  momentum 
of  its  orbital  motion  is  3.384,  and  thus  very  large.  This 
is  Darwin's  celebrated  analysis  of  the  interaction  of  the 
earth  and  moon  (cf.  Proc,  Roy.  Soc,  June  19,  1879;  also 
Thomson  and  Tait's  Nat.  Philosophy,  Appendix  G;  or 
Encyclopedia  Britannica,  Article   »Tides«). 

As  the  energy  curve  has  a  maximum  near  the  origin, 
corresponding  to  a  small  distance  between  the  earth  and 
moon,  Darwin  inferred  that  they  had  once  been  a  single 
mass,  rotating  temporarily  as  a  rigid  system;  and  that  after 
the  separation,  the  moon  had  receded,  according  to  the 
downward  slope  of  the  energy  curve,  till  it  reached  its 
present  distance.  The  time  of  the  earth's  rotation  was 
calculated  to  be  2*'  41"*,  which  would  barely  enable  the 
equilibrium  of  the  globe  to  maintain  its  stability  under 
gravity.  And  as  this  pointed  to  the  rupture  of  the  globe 
from  too  rapid  rotation,  Darwin  inferred  that  it  had  actually 
occurred,  and  that  the  moon  had  thus  been  detached  from 
the  earth. 

Nolan  and  others  pointed  out  the  extreme  difficulty 
the  moon  would  have  in  holding  together  under  tidal  strain 
within  so  small  a  distance  of  the  earth;  and  the  inevitable 
disruption  of  such  a  satellite  within  2.44  radii  of  the  planet 
had  been  well  established  by  the  earlier  researches  of  Roche 
and  the  subsequent  investigations  of  Darwin.  So  long  as 
it  was  uncertain  whether  the  moon  could  hold   together  so 


near  the  earth,  it  was  for  a  time  believed  that  the  prim 
satellite  might  have  taken  the  form  of  a  flock  of  meteo 
when    the    separation   first    took    place.       The    difficulty 
making  out  how  the  moon  got  started  as  a  single  mas 
near  the  earth,    Darwin    has   repeatedly    acknowledged, 
the  result  of  Nolan's   criticism,    he  found  6500    miles   f 
the    centre    of  the    earth    to    be    the    minimum    distance 
which  the  moon  could  revolve  in  its  entirety  (Phil.  Tn 
Vol.  178,  1887,  p.  416);  but  this  was  not  entirely  satisfaci 
and  at  the  end    of   his    important    paper   on    the    figure; 
equilibrium    of   rotating    masses  of   fluid    (Phil.  Trans., 
178,  1887,  p.  422)  he  concluded  in  some  despair  that 
» necessary  to  suppose  that,   after  the  birth  of  a  satellit 
it  takes  place  at  all  in  this  way,  a  series  of  changes  o 
which  are  quite  unknown.* 

Accordingly  we  see  that  by  tracing  of  the  moon  1 
towards  the  earth,  this  supposedly  reversed  process  bro 
them  into  close  contiguity,  one  rotating  and  the  c 
revolving  in  approximately  the  same  time,  and  both  no 
the  critical  period  of  instability  for  the  terrestrial  sphei 
»Is  this«,  asks  Darwin,  »a  mere  coincidence,  or  doe 
not  rather  point  to  the  break-up  of  the  primeval  ])1 
into  two  masses  in  consequence  of  a  too  rapid  rotatic 
In  addition  to  the  objections  already  advanced,  anc 
formidable  one  arises  from  the  difficulty  of  finding  any  c 
adequate  to  produce  the  supposed  very  rapid  rotatioi 
the  primitive  globe.  This  objection  is  now  recognizee 
be  much  greater  than  it  was  supposed  to  be  when  Dar\ 
work  was  finished  thirty  years  ago ;  for  Laplacian  concept 
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ere  then  universally  prevalent,  and  it  was  natural  to  think 
F  the  moon  as  a  part  of  the  earth,  while  such  an  idea  as 
le  capture  of  satellites  would  not  have  been  entertained. 
1  the  views  current  thirty  years  ago,  the  above  question 
■  Darwin  was  naturally  answered  in  the  affirmative,  in 
)ite  of  outstanding  difficulties  of  considerable  magnitude, 
oday  with  all  the  other  satellites  proved  to  be  captured, 
le  wonderful  relations  brought  out  by  Darwin's  analysis 
ust  be  declared  to  be  only  an  accidental  but  most  decep- 
ve  coincidence.  It  is  probably  the  most  remarkable  result 
this  kind  in  the  annals  of  science. 

II.  On  Stratton's  researches  on  planetary  inversion. 

In  the  Monthly  Notices  of  the  R.  Astr.  Soc.  for 
pril,  1906  (Vol.  66,  No.  6),  Mr.  F.  J-  M.  Stratton,  of 
ambridge,  England,  has  a  scholarly  discussion  of  the 
oblem  of  planetary  inversion,  which  had  been  suggested 
'  Professor  W.  H.  Pickering's  discovery  of  the  retrograde 
otion  of  Phoebe,  and  the  tacit  assumption  formerly  adopted 
•  all  Avriters  that  the  satellites  have  been  detached  from 
e  planets  about  which  they  revolve. 

In  stating  his  problem  Mr.  Stratton  says:  »If,  then, 
satellite  were  thrown  off  in  a  very  early  stage  of  the 
anet's  evolution,  it  would  commence  moving  in  a  retrograde 
rection  around  the  planet.  If  the  oblateness  of  the  planet 
2re  very  small,  or  the  satellite  at  a  considerable  distance 
Dm  the  planet's  centre,  the  plane  of  the  orbit  of  the  satellite 
Duld  not  follow  the  plane  of  the  planet's  equator  as  it 
ted  over,  but  would  fall  back  into  a  stable  position  near 
e  ecliptic  —  a  term  used  in  this  paper  for  the  plane  of  the 
anet's  orbit.  Such  a  satellite  would  remain  of  the  retrograde 
pe  exemplified  by  Phoebe.  If,  however,  the  satellite  were 
olved  in  a  later  stage  of  the  planet's  development  (after 
e  planet  had  greatly  contracted  and  become  more  oblate), 
e  satellite  would  move  in  an  orbit  whose  stable  position 
IS  almost  coincident  with  the  planet's  equator,  and  the 
tellite  would  follow  the  planet's  equator.  Most  of  the 
lown  satellites  of  the  solar  system  fall  into-  this  class. 

» Professor  Pickering  urged  in  support  of  this  view  that 
e  classical  nebular  hypothesis,  according  to  which  the 
anets  were  thrown  off  in  the  form  of  rings,  required  an 
itial  retrograde  rotation  of  the  planet  and  not  a  direct 
le,  as  Laplace  assumed.  But  of  recent  years  Sir  George 
arwin.  Professor  T.  C.  Chamberlin,  and  Dr.  F.  R.  Moulton 
Lve  adduced  strong  reasons  for  discarding  the  ring-theory, 
id  it  would  seem  that  such  confirmation  as  it  would 
idoubtedly  have  given  to  this  investigation  must  for  the 
esent  be  disregarded.  Though  apparently  the  classical 
rm  of  the  nebular  hypothesis  cannot  now  be  accepted 
ithout  considerable  modifications  I  have  here  followed  it 
general  as  regards  the  history  of  the  planetary  subsystems, 
id  have  assumed  a  planet  to  be  a  gradually  contracting 
)dy,  which  from  time  to  time  may  pass  through  a  form  of 
stability,  resulting  in  the  evolution  of  a  satellite. « 

Mr.  Stratton  found  many  difficulties  and  uncertainties 
this    work    and    has    discussed    them    fully.      On    pages 


396-8  he  has  the  following  remarks:  »There  remains  one 
other  difficulty  in  connection  with  the  time  required  for  the 
working  out  of  the  theory,  and  that  difficulty,  though  an 
almost  necessary  accompaniment  of  any  such  theory,  would 
be  alone  sufficient  to  prevent  one  from  urging  its  acceptance 
on  dynamical  grounds  alone.  It  does  not  appear  that,  for 
such  enormous  periods  of  time  as  we  are  here  concerned 
with,  our  ordinary  dynamical  equations  are  of  sufficient 
exactitude  to  prevent  the  entrance  of  some  unknown  factors, 
which  may  profoundly  modify  the  course  of  the  evolution 
of  the  system.  This  difficulty  must  be  regarded  as  an 
additional  cause  for  receiving  the  theory  with  all  reserve.*  •  •  • 
»The  present  small  obliquity  of  Jupiter,  requiring  an 
almost  impossibly  great  viscosity  if  explained  by  solar  tidal 
friction  alone,  had  been  regarded  as  a  natural  consequence 
of  the  tidal  action  of  the  satellites.  And  the  large  angle 
through  which  Saturn  ^)  had  tilted  since  the  evolution  of 
Phoebe  had  been  looked  upon  as  in  great  part  due  to  the 
tidal  action  of  its  satellites.*  •  •  • 

.  »We  may  say,  then,  that  the  theory  of  planetary 
inversion  suggests,  but  does  not  absolutely  require  as  a 
condition  for  its  truth,  an  annular  stage  in  the  history  of 
the  satellites  of  Jupiter  and  Saturn.  More  than  this  we  do 
not  care  to  state  till  a  more  detailed  application  of  the 
tidal  theory  has  been  made  to  the  case  of  a  planet  attended 
by  a  group  of  satellites.  The  very  doubtful  question  whether 
perturbations  in  a  ring  of  satellites  could  ultimately  lead 
to  the  formation  of  one  or  several  satellites  must  also  be 
discussed  before  the  difficulties  considered  in  this  section 
can  be  removed.* 

Again,  in  the  summary  of  his  results,  on  pages  400-401, 
Mr.  Stratton  continues:  »Jupiter  must  have  evolved  its  satel- 
lites after  its  obliquity  had  decreased  below  90°;  partly 
under  their  influence  it  has  been  driven  down  towards  a 
stable  position  of  small  obliquity,  which  it  has  now  nearly 
reached.  Saturn  shed  Phoebe,  and  possibly  also  Japetus 
and  Hyperion,  while  its  obliquity  was  greater  than  90°; 
as  under  solar  tidal  influence  it  passed  through  the  critical 
position,  where  its  obliquity  was  90°,  Phoebe  sank  down 
into  the  ecliptic  in  a  retrograde  orbit,  while  Japetus  and 
Hyperion  moved  over  with  the  planet's  equator.  Afterwards 
the  inner  satellites  were  evolved,  and  under  their  influence 
and  the  influence  of  the  rings  Saturn's  obliquity  has  steadily 
diminished  —  and  is  still  diminishing  —  towards  a  small 
stable  value.  As  seems  highly  probable  for  a  planet  further 
removed  from  the  Sun,  and  therefore  less  likely  to  have  its 
increasing  rotation  checked  by  solar  tidal  friction,  the  satel- 
lites of  Uranus  were  evolved  in  an  earlier  stage  of  its 
evolution,  before  its  obliquity  had  decreased  to  90°;  they 
have  stopped  the  decrease  in  obliquity,  which  would  arise 
from  the  solar  action,  and  they  are  now  driving  Uranus 
back  to  a  stable  position  with  an  obliquity  of  180°.  Neptune, 
with  its  one  satellite  of  extremely  large  tidal  influence,  is 
being  driven  towards  an  equilibrium  position  with  an 
obliquity  of  180°.  I  should  add  that  uncertainty  as  to  the 
data  for  the  satellites  of  Uranus  and  Neptune  leaves  even 
the  present  direction  of  motion  of  their  equators  very  doubtful. 


^)  Jupiter's  Vlll'h  satellite  had  not  been  discovered  when  Mr.  Stratton's  paper  was  written. 
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but   that    the   results   above   given   seem   on   the   whole   the 
most  probable.*  •  •  • 

»I  suggest  as  the  easiest  explanation  of  certain  remaining 
difficulties  that  the  satellites  of  Jupiter  and  Saturn  have 
passed  through  an  annular  form  at  some  previous  stage  in 
their  history.  This  latter  idea  is  not  essential  to  the 
successful  working  out  of  the  theory;  at  present  it  is  only 
put  fonvard  very  tentatively  indeed,  and  as  a  subject  for 
further  research.* 

» Viewed  broadly,  then,  the  theory  of  planetary  inver- 
sion, though  it  entails  some  difficulties  of  detail,  remains  a 
tenable  hypothesis.  As  explained  by  Sir  George  Darwin's 
tidal  theory  it  involves  three  main  assumptions:  (i)  that 
the  outer  satellites  of  a  planet  were  evolved  before  the  inner 
ones;  (2)  that  the  determining  factor  producing  secular 
alterations  in  a  planet's  obliquity  has  been  tidal  friction; 
and  (3)  that  the  time  involved  in  the  scheme  is  not  so 
great  as  to  invalidate  the  ordinary  dynamical  equations.  A 
justification  for  these  assumptions  may  perhaps  lie  in  the 
satisfactory  explanation  which  the  theory  affords  both  of 
the  large  obliquities  of  Uranus  and  Neptune  and  of  the 
presence  of  a  satellite  such  as  Phoebe.  The  secular  motions 
with  which  the  theory  is  concerned  are  so  extremely  slow 
that  it  can  hardly  yet  be  proved  or  disproved  by  reference 
to  the  gravitational  theory  of  the  motions  of  planets  and 
their  satellites;  the  theory  would  gain  some  support  by  the 
discovery  of  satellites  to  Uranus  and  Neptune  of  the  same 
type  as  Phoebe,  if  their  motion  were  retrograde;  it  would 
be  overthrown  if  their  motion  were  direct.  The  theory 
remains  then  at  present  a  speculative  hypothesis,  which  is 
on  the  whole  well  supported  by  the  theory  of  tidal  friction, 
and  which  gives  the  only  explanation  so  far  offered  for 
certain  facts. « 

It  is  impossible  to  convey  the  contents  of  this  lengthy 
and  well  prepared  paper,  even  by  quotations  of  such  con- 
siderable length  as  are  here  given ;  but  this  seemed  the  only 
way  of  doing  the  author  even  moderate  justice,  because  of 
the  difficulty  of  condensing  the  results  into  smaller  compass, 
without  omitting  some  important  considerations.  The  chief 
significance  of  Mr.  Stratton's  investigation  lies  in  the  continued 
adherence  to  Laplacian  traditions,  in  spite  of  the  negative 
and  therefore  unsatisfactory  criticisms  of  Moulton  and 
Chamberlin;  and  in  the  avoidance  of  any  suggestion  that 
the  observed  satellites  might  have  been .  captured,  though 
Sir  George  Darwin,  under  whose  inspiration  Mr.  Stratton's 
work  was  done,  had  eight  years  before  published  his  celebrated 
memoir  on  Periodic  Orbits  (Acta  Mathematica;  vol.  21),  and 
during  the  previous  year  had  given  valuable  suggestions  on 
cosmical  evolution  in  his  Presidential  Adress  to  the  British 
Association  at  Capetown,  1905.  One  cannot  but  wonder  to 
what  extent  Moulton's  misleading  criticism  of  Professor 
W.  H.  Pickering's  suggestion  of  the  possible  origin  of  Phoebe 
by  capture  (Astrophys.  Journal,  Vol.  22,  pp.  177-180),  with 
the  accompanying  fatal  misinterpretation  of  Jacobi's  integral, 
may  have  been  responsible  for  the  rejection  of  the  only 
idea  which  could  simplify  our  theory  of  the  observed 
satellites,  and  bring  it  into  harmony  with  the  purely  mathe- 
matical results  arrived  at  by  Profes.sor  Sir  G.  H.  Darwin  in 
his  justly  celebrated  memoir  on  Periodic  Orbits. 


VIII.    On  the  true  physical   cause  which   determin 
the  direction  of  planetary  rotation. 

It  will  be  seen  from  the  considerations  already  adduc< 
and  examined  with  some  care  in  the  paper  on  the  dynamii 
theory  of  the  capture  of  satellites,  that  we  explain  t 
direction  of  rotation  of  the  planets  on  the  same  princi] 
by  which  we  account  for  the  direction  of  revolution  of  t 
satellites  in  their  orbits.  About  each  planet,  within  1 
Hill  closed  surface,  and  in  the  hour-glass  surfaces  whi 
are  not  closed,  waste  matter  from  the  nebulosity  circulati 
about  the  sun  passes  freely.  As  the  hour-glass  surface 
not  entirely  closed  for  most  of  the  particles,  they  natura 
enter  the  region  about  the  planet  with  a  direct  moti( 
and  this  same  direction  is  naturally  preserved  when  tl 
fall  down  near  the  planet  so  as  to  pass  within  the  clo; 
surfaces.  Therefore  in  general  the  satellites  have  dir 
revolutions  in  their  orbits  and  the  planets  have  dir 
rotations  on  their  axes.  Only  crossing  satellites,  or  th 
of  irregular  foreign  origin  have  retrograde  revolution  :  i 
most  of  these  are  destroyed.  Those  which  fall  into 
planet  under  the  secular  effects  of  resistance  check  its  rotat 
but    slightly. 

Accordingly,  while  we  admit  Mr.  Stratton's  theory 
planetary  inversion  under  his  postulated  conditions,  involv 
enormous  duration  of  time,  we  deny  that  such  history 
been  enacted  in  the  solar  system,  unless  possibly  a  sli 
effect  of  the  kind  has  arisen  in  the  systems  of  Ura 
and  Neptune,  which  are  so  remote  from  the  sun.  In 
view  the  direct  rotations  of  the  planets  are  inevitable  coi 
quences  of  the  capture  of  nebulosity  in  the  sheltered  regi 
enclosed  within  the  Hill  closed  surfaces.  These  clo 
spaces  are  regions  into  which  waste  material  drifts 
inevitably  as  water  runs  down  hill.  In  these  sheltered  : 
sequestered  regions  systems  of  satellites  develop,  beca 
the  nebular  vortices  collected  there  circulate  incessantly, 
the  waste  nebulosity  finally  goes  to  the  building  up  of 
planets  or  the  satellites.  This  conception  of  the  shelte 
vortex  inside  the  Hill  closed  surfaces  gives  one  a  very  c 
idea  of  what  takes  place  about  the  planets  as  they  deve 
in  the  vaster  extent  of  nebulosity  circulating  about  the  i 
As  the  planets  originate  at  much  greater  distance  fi 
the  sun  than  they  now  have,  we  cannot  assume  that  t 
rotations  may  not  be  partly  fixed  before  they  reach  t 
i  present  positions.  Even  retrograde  rotation  might  be  stai 
in  remote  planets ;  and  it  may  be  that  this  still  partially  surv 
in  the  systems  of  Uranus  and  Neptune.  Accident  has  m 
to  do  with  the  rotations  of  remote  bodies,  but  in  the  ir 
parts  of  the  system  a  more  orderly  development  prev 
because  the  retrograde  motions  are  largely  obliterated, 
we  see  in  the  actual  solar  system.  Various  causes  \ 
modified  the  rotation  and  axial  tilt  of  the  planets,  but  di 
rotation  is  natural ;  while  planetary  inversion  seldom  if  ( 
takes  place. 

IX.  The  moon  and  other  satellites,  being  small  captu 
bodies,  probably  never  had  much  rotation,  but  e 
this  has  been  destroyed  by  resistance  and  tidal  fricti 

This  proposition   is  almost    obvious    without    elabo 
analysis  of  the  reasons  why  the   smaller   bodies   have    1 
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rotational  moment  of  momentum.  For  in  coming  together 
the  elements  of  such  a  mass  could  hardly  give  it  a  rapid 
rotation  about  any  axis,  because  the  closed  Hill  surface 
about  it  is  too  small  to  give  a  large  vortex  for  the  collection 
of  waste  matter;  and  nothing  but  a  large  amount  of  this 
gathered  rubbish  revolving  under  strong  central  force  could 
produce  a  rapid  rotation  in  the  planet  formed  by  the 
subsequent  condensation  of  the  material.  Thus  owing  to 
the  small  size  of  the  Hill  closed  surface,  and  the  feeble 
central  attraction  —  both  being  due  to  the  smallness  of  the 
mass  —  the  rotation  of  a  small  body  like  the  moon  can 
never  be  very  rapid.  Accordingly  neither  the  terrestrial 
moon  nor  any  of  the  other  satellites  of  the  solar  system 
ever  had  rapid  axial  rotation,  and  the  same  remark  applies 
to  the  planet  Mercury.  Yet  what  little  rotations  the  moon, 
the  satellites  of  Jupiter,  Saturn,  and  other  planets  may  have 
had,  have  been  exhausted  by  subsequent  resistance,  and 
especially  by  the  tidal  friction  of  the  planets  about  which 
they  revolve.  It  is  not  surprising,  therefore,  that  they  show 
only  one  face  towards  their  several  planets.  The  result  has 
long  been  regarded  as  probable ;  but  previous  writers,  being 
unaware  of  the  causes  which  determine  rotation  and  that 
the  satellites  were  captured,  have  perhaps  overrated  the 
chances  of  primitive  rapid  rotation,  and  made  the  destruction 
of  the  axial  rotations  seem  more  important  than  it  really 
is.  For  as  the  earth  has  been  thought  to  have  rotated  in 
about  2^  41*",  according  to  Darwin,  it  might  naturally  have 
been  supposed  that  the  rotation  period  of  the  moon  also 
was  at  one  time  comparatively  short.  If  the  present  views 
are  correct,  this  has  never  been  the  case ;  and  although 
tidal  friction  has  been  the  main  cause  working  to  exhaust 
the  rotations,  there  never  was  much  rotation  to  be  destroyed. 
The  force  of  this  argument  becomes  more  apparent  by 
remembering  that  if  the  moon  is  a  captured  body,  there  is 
no  good  reason  to  suppose  that  the  earth  ever  did  rotate 
much  more  rapidly  than  it  does  at  present. 

Problems  such  as  the  loss  of  the  atmospheres  of  the 
moon  and  of  other  satellites  also  take  on  a  new  aspect; 
for  we  have  no  reason  to  believe  any  sensible  atmosphere 
ever  existed  about  these  small  captured  bodies.  Nor  is  it 
probable  that  there  is  snow  or  ice  on  the  moon's  surface, 
as  many  writers  have  supposed.  Whether  the  large  craters 
can  have  been  formed  by  the  impact  of  small  satellites 
upon  a  heated  and  molten  surface,  as  the  geologist  C.  K. 
Gilbert  believed,    must  be   left    to   the    future    to   determine. 

The  moon  being  in  the  present  hypothesis  a  planet 
and  not  a  portion  of  the  earth,  we  have  to  give  up  most 
of  the  supposed  analogy  between  terrestrial  and  lunar 
volcanoes  and  mountains.  The  mountains  on  the  moon 
apparently  were  formed  before  it  was  captured  by  the  earth. 
And  therefore  while  we  lose  by  giving  up  the  assumed 
analogy  with  the  earth,  we  gain  by  our  new  privilege  of 
studying  at  close  range  a  planet  from  the  celestial  spaces 
formed  quite  independently  of  the  earth.  If  this  view  be 
correct,  there  will  be  a  considerable  advantage  to  science ; 
for  we  never  expected  that  this  privilege  of  such  close 
telescopic  inspection  of  another  planet  would  be  given  to 
the  inhabitants  of  our  terrestrial  globe. 


In  this  connection  I  may  say  that  on  one  or  two 
occasions  when  the  seeing  was  at  its  best  during  the  ob- 
servations of  the  planet  Mercury  at  Washington  in  1901 
and  1902,  I  believed  I  obtained  glimpses  of  the  planet's 
surface  of  the  same  type  as  that  of  the  moon.  It  may  well 
be  that  these  brief  glimpses  gained  at  moments  of  best 
seeing,  supported  as  they  are  by  the  evidence  of  photometric 
measures,  showing  that  the  planet  has  a  rough  surface,  rest 
on  a  more  substantial  basis  than  any  one  heretofore  has 
ventured  to  believe.  One  gets  the  impression  that  the  origin 
of  the  moon  and  of  the  planet  Mercury  is  essentially  the 
same,  and  that  at  one  time  both  revolved  in  the  planetary 
spaces  between  the  present  orbits  of  Mars  and  Jupiter. 

X.    The  terrestrial  spheroid  itself  shows  little 

if  any  evidence  of  having  had   more   rapid  rotation 

in  former  times. 

The  theory  that  the  moon  is  a  captured  body  carries 
with  it  several  important  corollaries,  which  deserve  careful 
consideration.  Foremost  among  these  is  the  question  whether 
the  earth  rotated  much  more  rapidly  in  former  times  than 
it  does  now.  It  has  long  been  believed  that  the  earth  once 
had  a  much  more  rapid  rotation  than  at  present,  and  tables 
of  the  changes  in  the  earth's  figure  and  physical  constitution 
arising  from  such  supposed  rapid  rotation  have  been  cal- 
culated and  published  in  various  works  on  Geology  and 
Physics.  But  it  is  a  remarkable  fact  that  if  we  examine 
this  work  carefully,  we  shall  find  that  it  rests  not  on  observed 
phenomena,  but  on  Darwin's  celebrated  papers  on  the  origin 
of  the  lunar  terrestrial  system,  which  have  been  analyzed 
above.  On  the  other  hand,  the  terrestrial  spheroid  itself 
gives  little  if  any  evidence  of  more  rapid  rotation  in  former 
times.  No  well  established  facts  in  Geology,  Physics,  or 
Geodesy  support  such  a  view. 

It  is  true  that  the  changes  in  the  rate  of  rotation  of 
our  planet  might  be  supposed  to  be  so  slow  that  all  traces 
of  the  former  state  of  the  earth  would  have  been  wholly 
obliterated  by  the  transformations  which  have  intervened; 
yet  it  is  not  certain  that  this  would  be  so,  and  it  seems 
more  probable  that  the  greater  oblateness  once  existing  would 
have  left  sensible  traces  of  incomplete  adjustment  to  modern 
conditions.  So  far  as  may  be  judged  from  accurate 
measurements  of  gravity,  and  from  many  trigonometric 
measurements  carried  out  in  all  latitudes  and  in  both 
hemispheres,  by  various  Geodetic  Surveys,  no  certain 
inequalities  pointing  to  a  former  rapid  rotation  of  the  earth 
have  been  disovered.  The  inequalities  found  all  seem  to 
be  local,  and  connected  with  the  formation  of  the  continents, 
which  owe  their  elevation  and  outlines  to  the  secular  leakage 
of  the  oceans  (cf  Further  Researches  on  the  Physics  of  the 
Earth,  and  especially  on  the  Folding  of  Mountain  Ranges 
and  the  UpHft  of  Plateaus  and  Continents  produced  by 
Movements  of  Lava  beneath  the  Crust  arising  from  the 
Secular  Leakage  of  the  Ocean  Bottoms,  Proc.  Am.  Philo- 
sophical Society,   Philadelphia,  No.  189,  1908). 

In  his  valuable  work  on  Tides  and  kindred  Pheno- 
mena in  the  Solar  System,  pp.  300-304,  Sir  George  Darwin 
discusses  this  question  of  the  earth's  adjustment  with  some  care. 
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He  admits  that  Lord  Kelvin  did  not  share  his  view  that 
the  earth  had  adjusted  its  figure  to  suit  its  rate  of  rotation. 
He  says  Lord  Kelvin  held  »that  the  fact  that  the  average 
figure  of  the  earth  corresponds  with  the  actual  length  of 
the  day  proves  that  the  planet  was  consolidated  at  a  time 
when  the  rotation  was  but  little  more  rapid  than  it  is  now.« 
And  adds:  »The  difference  between  us  is,  however,  only 
one  of  degree,  for  he  considers  that  the  power  of  adjustment 
is  slight,  whilst  I  hold  that  it  would  be  sufficient  to  bring 
about  a  considerable  change  of  shape  within  the  period 
comprised  in  geological  history.* 

Sir  George  Darwin  then  proceeds  to  analyze  four 
classes  of  facts  derived  from  observation,  —  gravity,  the 
ellipticity  of  the  earth,  the  lunar  inequality  depending  on 
the  earth's  figure,  and  the  precession  and  nutation  of  the 
earth's  axis  —  and  says  that  they  are  so  intimately  intertwined 
that  one  of  them  cannot  be  touched  without  affecting  the 
others.  In  conclusion  he  adds:  »Edouard  Roche,  a  French 
mathematician,  has  shown  that  if  the  earth  is  perfectly 
plastic,  so  that  each  layer  is  exactly  of  the  proper  shape 
for  the  existing  rotation,  it  is  not  possible  to  adjust  the 
unknown  law  of  internal  density  so  as  to  make  the  values 
of  all  these  elements  accord  with  observation.  If  the 
density  be  assumed  such  as  to  fit  one  of  the  data,  it  will 
produce  a  disagreement  with  observation  in  others.  If, 
however,  the  hypothesis  be  abandoned  that  the  internal 
strata  all  have  the  proper  shapes,  and  if  it  be  granted  that 
they  are  a  little  more  flattened  than  is  due  to  the  present 
rate  of  rotation,  the  data  are  harmonized  together;  and  this 
is  just  what  would  be  expected  according  to  the  theory  of 
tidal  friction.  But  it  would  not  be  right  to  attach  great 
weight  to  this  argument,  for  the  absence  of  harmony  is  so 
minute  that  it  might  be  plausibly  explained  b}^  errors  in  the 
numerical  data  of  observ'ation.  I  notice,  however,  that  the 
most  competent  judges  of  this  intricate  subject  are  disposed 
to  regard  the  discrepancy  as  a' reality. « 

The  views  here  expressed  by  Darwin,  who  may  be 
considered  the  highest  authority  on  the  subject,  accord 
sufficiently  well  with  those  reached  by  the  present  writer 
on  the  theory  that  the  moon  is  captured,  to  justify  the 
statement  that  the  earth  itself  shows  little  if  any  evidence 
of  more  rapid  rotation  in  former  times. 

If  the  supposed  greater  tidal  efficiency  of  the  moon 
in  past  ages  is  given  up,  various  tidal  and  physical  questions 
will  be  left  unsettled,  and  most  of  the  problems  of  the 
physics  of  the  earth  will  have  to  be  re-examined.  The 
uniformitarian  theories  in  Geology  will  gain  some  additional 
importance  by  changes  in  fundamental  principles  which 
exclude  the  moon  from  a  more  active  part  in  the  past 
history  of  the  earth. 

Before  finally  dismissing  this  important  subject  it  is 
worth  while  to  remark  that  some  further  light  on  the 
question  of  the  earth's  rotation  in  past  ages  may  be  gathered 
from  the  study  of  the  other  planets  in  space.  If  we  consider 
attentively  the  present  slow  rotations  of  the  other  planets, 
we  shall  perceive  how  extremely  improbable  it  is  that  the 
earth  once  rotated  rapidly  enough  to  detach  the  moon. 
The  best  determined  rotation  periods  of  the  several  planets 
seem  to  be  the  following  (cf.  A.  N.  4308): 


Jupiter 

9.928  hours 

Saturn 

10.641  hours 

Uranus 

lo.i  1 12  hours 

Neptune 

12.84817  hours 

Mercury        88  days 

Venus  225  days,  or  i  day 

Earth  24  hours 

Mars  24.62297  hours 

In    the    case    of  Venus    I   have   given   preference 
Schiaparelli's  period  confirmed    by    Lowell,    though    there 
perhaps  still  a  little  doubt  attached   to    the   rotation    pen 
of  this  planet.     Working  with  the   spectrograph  at  Pulko^ 
Belopolsky  obtained  apparently  slight  spectral  displaceme 
corresponding  to  a  period  of  one  day  (cf.  A.  N.  3641), 
this  result  was  not  confirmed  by  Lowell,    who   repeated 
experiment  at  Flagstaff  under   favorable    conditions.      Th 
are,  however,  two  additional  reasons  for  being  very  cauti( 
about  concluding   what  the    period    of  Venus    is :     i )   Fr 
the  mass  of  the  planet,  namely  0.8153  of  the  earth's  m 
(cf.  A.  N.   3992,  p.  118),    one    would    expect    an    origi 
rotation  nearly  as  rapid  as  that  of  the  earth,   owing  to 
physical  cause  which  determines  rotation,  as  set  forth  in 
present    paper.      2)    If   a    rapid   rotation    once  existed,    ii 
period    of   about    one    day,    the    question    arises    whether 
could    have    been    destroyed    by    tidal    friction.      Heretof 
we    have    been    inclined    to    answer    this    question    in 
affirmative,    but   it   is   not    clear   that   we    have    been   ri^ 
It  is  true  that  the  tidal  frictional  resistance  due  to  the  si 
action  on  Venus  would   be   about   5.8    times    what   it   is 
the  earth ;  but  Dr.   Keeker's  recent  observations  at  Potsd 
indicate  a  yielding  of  the  solid    earth   under   the    action 
the  moon  of  only  about  six  inches,  according  to  a  statem 
by    Professor    Sir   G.   H.    Darwin    in    a    public    lecture 
Cambridge,    May   10,    1909.      This    corresponds    to    a    sc 
tide  in  the  solid  earth  of  only  two  inches,    and  this  wo 
make    the    bodily   tide    in   Venus    not    over    twelve    incl 
For  in  the   paper   on   the    rigidity   of  the    heavenly   bod 
A.  N.  4104,    I  have  shown  that  the  rigidity  of  Venus  n 
be  taken  to  be  but  little    less   than   that   of  the    earth, 
then  the  solid    earth    yields   to   the   sun's   attraction   to 
extent    of  about    two    inches,    and    the    solid    globe    of 
planet   Venus   not    over  twelve    inches,    the   question    ari 
whether  the  frictional  resistance  against  the   rotation   wo 
not  be  excessively  slow,    and  in  fact   almost   insensible. 
the  moon  has  been  captured,  as  set  forth  in  this  paper, 
appears  that  we  cannot  point  with  certainty  to  any  sensi 
retardation  of  the  earth's  rotation,  due  to  the  action  of 
sun  and  moon ;    nor  should  we   expect   such   a   result   fr 
a  tidal  yielding  of  the  earth's  mass  of  only  about  two  i 
six    inches,    respectively,    for   these   two    disturbing    bod 
Under  the  circumstances,  it  seems  necessary  to  preserve 
open  mind  about  the  rotation  period  of  Venus. 

However  this  question  may  be  decided  by  future  eve: 
the  period  will  in  no  case  be  appreciably  less  than  a  d 
and  this  minimum  value  is  sufficient  for  our  present  p 
poses.  What  is  true  of  Venus,  is  even  more  certainly  t 
of  Mercury. 

Now  the  period  of  2''  41"',  or  2"?  7,  found  by  Dar 
for  the  earth  when  rotating  as  if  rigidly  connected  with 
moon,  is  only  about  one-ninth  of  the  present  rotation  per 
of  the  earth ;  and  even  Jupiter,  which  has  the  largest  m 
and  shortest  i)eriod  of  any  of  the  planets,  rotates  ab 
3.7   more   slowly   than   our   primitive   earth    is    supposed 
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/e  done.  By  dividing  the  primitive  earth's  hypothetical 
iod  of  2^7  into  the  period  of  the  other  planets,  we 
:ain  for  the  several  planets  the  following  minimum  numbers, 
iiely:  Mercury  9;  Venus  9;  Mars  9.1;  Jupiter  3.7; 
:urn  4.0;  Uranus  3.7;  Neptune  4.8;  and  may  calculate 
:  probability  that  in  seven  diflferent  cases  the  observed 
iods  would  so  much  exceed  that  of  the  primitive  earth, 
that  the  earth's  original  period  would  have  been  so  much 
)rter  than  that  of  any  of  the  other  planets.  If  the  earth 
an  ordinary  planet  of  very  modest  size  could  really  have 
lined  to  a  rotation  in  so  short  a  period  as  2*?  7,  the 
inces  that  seven  planets  would  not  all  miss  in  the  same 
ection,  and  by  these  amounts,  the  average  being  about 
:,  would  be  about  as  the  continued  products  of  the  above 
Tibers,  which  is  193745.  Thus  the  chances  that  the 
th  could  have  had  such  a  short  period  as  2*^7  when 
culated  from  the  data  furnished  by  the  other  planets 
rcely  exceeds  i  in  200000,  or  the  chances  are  200000 
I  that  no  such  short  period  as  2'} 7  ever  existed.  And 
the  known  physical  cause  of  the  rotations,  as  established 
this  paper,  be  introduced,  the  probability  becomes  practi- 
ly  infinity  to  one  that  such  a  short  rotation  period  as 
J  never  existed ;  and  the  probability  remains  enormous 
.t  the  earth  never  rotated  much  more  rapidly  than  it 
ts  now.  So  far  as  one  may  judge,  therefore,  by  the  data 
nished  by  the  other  planets,  we  are  justified  in  rejecting 
ze  for  all  the  hypothesis  that  the  day  was  ever  appreciably 
)rter  than  at  present. 

Summary   and    conclusions. 

These    several    considerations    may  be  briefly  summed 
as  follows : 

i)  As  all  of  the  other  satellites  are  proved  to  be 
Dtured  bodies,  the  overwhelming  presumption  is  that  this 
true  also  of  the  moon,  and  this  enormous  probability  is 
turally  increased  by  the  demonstrated  fact  that  all  the 
inets  likewise  have  been  captured  by  the  Sun,  and  not 
e  of  them  detached  from  that  central  globe,  as  was 
merly  supposed  by  Laplace  and  other  early  writers  on 
ismical  Evolution. 

2)  If  we  calculate  the  probability  that  the  otherwise 
iform  rule  of  capturing  companions  has  been  broken  in 
i  single  case  of  the  planet  Earth,  we  shall  find  the  chances 
ainst  it  so  overwhelming  as  to  wholly  exclude  it  from 
nsideration. 

3)  Thus  the  companions  or   satellites   could    originate 
but  one  of  two  possible  ways ;    namely,  by  capture,    and 

detachment.  Let  us  make  the  case  as  favorable  as 
ssible  to  the  theory  of  detachment,  and  put  the  probability 
the  two  events  each  equal  to  W  Then  as  we  have 
;ht  principal  planets,  25  satellites  (besides  our  moon),  and 
;r  660  asteroids  —  all  certainly  captured  —  the  chances 
!  at  least  {2)'''''^  to  unity  that  the  moon  has  been  captured, 
is  number  exceeds  a  decillion  decillion  (10*''^)  to  the 
rd  power,  (10^")^  and  is  so  enormous  that  it  passes  all 
nprehension. 

4)  Even  a  decillion  decillion  (10*'*')  is  so  large  that  we 
;  compelled  to  resort  to  a  method  employed  by  Archimedes 


to  illustrate  it.  Imagine  sand  so  fine  that  loooo  grains 
will  be  contained  in  the  space  occupied  by  a  poppy  seed, 
itself  about  the  size  of  a  pin's  head;  and  then  conceive  a 
sphere  described  about  our  sun  with  radius  of  200000 
astronomical  units  [a  Centauri  being  at  a  distance  of  275000), 
entirely  filled  with  this  fine  sand.  The  number  of  grains 
of  sand  in  this  sphere  of  the  fixed  stars  would  be  a  decillion 
decillion   (10*'*'). 

5)  But  to  correctly  understand  the  actual  probability 
of  the  origin  of  the  moon  by  capture,  we  must  extend  the 
method  of  Archimedes  and  conceive  all  the  grains  of  sand 
included  within  this  sphere  with  radius  extending  to  « 
Centauri,  to  be  arranged  in  a  continuous  straight  line  as 
close  together  as  possible  (such  a  line  will  of  course  extend 
to  infinity),  and  then  imagine  a  cube  erected  on  this  infinite 
line  as  a  base ;  and  when  this  infinite  cube  is  entirely  filled 
with  the  finest  sand,  all  the  grains  included  within  it  against 
one  is  the  probability  that  our  moon  also  has  been  captured, 
and  that  the  Lunar  Terrestrial  system  forms  no  exception  to 
the  general  rule  of  cosmical  evolution  by  capture  prevailing 
in  the  development  of  the  solar  system. 

6)  As  this  mode  of  calculation  by  the  theory  of 
probability  is  entirely  rigorous  and  not  merely  approximate, 
it  therefore  incontestibly  follows  that  our  moon  too  has  been 
captured  and  added  to  our  terrestrial  system  from  without, 
and  therefore  never  has  been  nearer  us  than  at  present, 
but  has  come  to  earth  from  heavenly  space. 

7)  Consequently  we  conclude  that  the  events  traced 
by  Darwin  depend  on  accidental  coincidences,  and  do  not 
represent  the  true,  physical  history  of  nature.  Accordingly 
all  our  previous  conceptions  in  Astronomy,  Physics  of  the 
Earth,  and  Geology  as  dependent  on  the  moon's  supposed 
detachment  from  our  planet^),  must  be  wholly  abandoned, 
and  all  the  questions  again  re-examined,  in  the  light  of  the 
new  theory,  from  the  ground  up.  This  affords  us  an 
impressive  illustration  of  the  incompleteness  of  the  physical 
sciences  today. 

8)  The  present  distance  of  the  terrestrial  moon  in  the 
inner  part  of  the  closed  Hill  surface  about  the  earth 
corresponds  with  the  theory  that  this  body  has  been  captured, 
in  which  case  it  could  hardly  have  remained  very  near  the 
outer  portions  of  this  space.  When  the  moon  was  first 
captured,  however,  its  distance  can  hardly  have  been  less 
than  twice  what  it  is  now;  so  that  the  distance  probably 
has  been  greatly  reduced  in  the  lapse  of  ages. 

9)  If  this  view  be  admissible,  it  follows  that  the  mean 
distance  has  been  reduced  principally  by  the  secular  action 
of  the  resisting  medium;  and  the  month  has  been  shortened 
from  some  eighty  days  to  27.32166  days,  as  a,t  present. 
The  original  month  may  have  exceeded  100  days,  but  as 
Dr.   Hill    has    shown   cannot    have    exceeded   204.896   days. 

10)  If  the  mean  distance  has  been  so  much  reduced, 
it  follows  that  the  eccentricity  of  the  orbit  has  also  been 
correspondingly  diminished.  The  present  eccentricity  of 
0.05489972  therefore  agrees  well  with  the  capture-theory. 
The  view  that  the  present  eccentricity  is  a  survival  of  a 
larger  value  appears  probable  in  itself;    and  is  in  harmony 


')  The  theory  that  the  moon  was  thrown  off  from  the  earth  seems  to  date  back  to  Anaxagoras,   B.  C.   500  —  428. 
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with  the  tendencies  observed  in  other  satellite  systems,  where 
the  same  cause  has  been  at  work. 

1 1 )  The  inclination  of  the  lunar  orbit  to  the  ecliptic, 
5°  8'  43*35,  is  about  what  would  be  expected  from  the 
capture  theory,  and  naturally  the  orbital  motion  would  be 
direct.  For  when  a  body  is  captured  the  chances  by  theory 
are  much  greater  that  it  will  move  direct  rather  than 
retrograde,  and  we  see  this  theory  confirmed  by  what  is 
obsened  in  the  other  satellite  systems.  This  follows 
naturally  from  the  circumstances  that  a  captured  satellite 
has  to  cross  the  line  of  conjunctions  before  coming  under 
the  control  of  the  planet,  in  order  to  give  a  retrograde 
motion,  unless  of  course  such  satellite  has  come  in  at 
random  and  follows  no  law  whatever. 

12)  The  great  preponderance  of  the  moon's  moment 
of  momentum  of  orbital  motion  (3.384)  over  that  of  the 
earth's  axial  rotation  (0.7044)  is  of  itself  a  suspicious 
circumstance,  and  difficult  to  account  for,  without  introducing 
violent  hypotheses.  But  if  the  moon  is  captured  this  unusual 
circumstance  presents  no  difficulty. 

13)  Darwin's  celebrated  diagram  does  not  show  how 
the  system  of  the  earth  and  moon  came  to  be  started;  but 
only  shows  what  will  follow  from  a  given  condition  of  the 
system.  Now  if  the  bodies  were  started  to  revolving  in  a 
perfect  vacuum,  they  might  separate  as  he  supposed,  but  if 
the  resisting  medium  is  more  effective  than  tidal  friction, 
the  bodies  will  approach  one  another  in  spite  of  the  energy 
cur\'e  in  the  diagram ;  for  this  curve  rests  on  dynamical 
equations  which  postulate  no  resistance.  When  the  resisting 
medium  is  introduced  the  energy  curve  is  no  longer  valid, 
but  the  outcome  will  depend  on  the  relative  importance  of 
the  two  rival  forces  —  tidal  friction  and  the  resisting  medium, 
the  secular  effects  of  which  are  exactly  opposite.  In  order 
to  judge  which  is  likely  to  predominate,  it  is  sufficient  to 
recall  the  circularity  of  the  orbits  of  the  planets  and  satel- 
lites noticed  elsewhere  in  our  system,  and  directly  traceable 
to  this  latter  cause  and  no  other. 

14)  Halley  first  suspected  the  existence  of  a  secular 
acceleration  of  the  moon's  mean  motion  in  1693.  It  was 
confirmed  by  Dunthorne  in  1749,  and  in  the  same  year 
Euler  advanced  the  view  that  all  the  heavenly  bodies  were 
subject  to  the  secular  effects  of  a  resisting  medium.  Not- 
withstanding Laplace's  celebrated  discovery  in  1787  that 
the  secular  decrease  in  the  eccentricity  of  the  earth's  orbit 
was  responsible  for  most  of  the  observed  secular  acceleration 
of  the  moon,  it  continues  to  be  an  unsettled  question.  The 
correction  of  Laplace's  process  of  calculation  by  Adams  in 
1853,    and    the    verification    of    the    latter's    procedure    by 


Delaunay,  Plana,  Lubbock,  Hansen,  Cayley,  and  oth( 
allows  gravitational  theory  to  account  for  only  about  t 
thirds  of  the  observed  effect  indicated  by  the  most  anci- 
observations,  6fii  according  to  Delaunay,  while  the  m 
ancient  eclipses  of  the  sun  make  the  observed  sect 
acceleration  about  lafoo.  And  recently  Mr.  Cowell  1 
confirmed  a  secular  acceleration  of  the  moon  of  at  least 
by  new  researches  on  eclipses,  and  besides  found  a  sensi 
secular  acceleration  of  the  sun,  which  could  not  be  accoun 
for  by  any  hitherto  recognized  cause.  Why  not  go  back 
Euler's  sagacious  suggestion  of  the  resisting  medium  to  expl 
both  of  these  outstanding  anomalies  ?  If  the  resisting  medi 
has  shaped  the  orbits  of  the  heavenly  bodies,  it  has  not 
entirely  disappeared,  but  must  produce  small  effects  wh 
are  sensible  to  observations  extending  over  long  ages. 

15)  And  of  all  the  bodies  in   our  system  adapted 
disclosing   the   secular   effects    of  this    slowly    acting   cai 
the   moon   is   by   far  the   most   sensitive,   as   was   long   1 
remarked  by  Euler.     It  is  like  a  delicately  adjusted  chro 
meter,   and  the  slightest  disturbance  will  at   length    becc 
sensible   to   observation.      The    next   most   sensitive    of 
heavenly  bodies  is  undoubtedly  the  sun  (or  rather  the  ear 
because  of  the  accuracy  of  our  modern  observations  and 
considerable  period  over  which   they   have    extended.     } 
here    it    is    that   Mr.    Cowell    of   Greenwich   has   recogni 
the  anomalies  which  heretofore  have  been  attributed  to 
secular  effects  of  tidal    friction    in   changing   the    length 
the  day. 

16)  If  the  views  set  forth  in  this  paper  be  admissi 
they  will  tend  to  restore  our  confidence  in  ancient  ecli 
observations,  and  also  in  the  steadiness  of  the  earth  a 
time  keeper,  while  they  will  give  a  severe  shock  to  th 
who  consider  the  heavenly  spaces  devoid  of  sensible  resistar 
And  while  the  effects  attributed  to  tidal  friction  seems 
be  less  important  than  they  have  been  supposed  to  be, 
account  of  the  present  great  distance  of  the  moon,  and 
indication  that  it  has  never  been  sensibly  nearer  the  ea 
yet  the  importance  of  this  cause  will  always  be  considera 
both  in  our  own  system,  and  in  other  systems  observed 
the  immensity  of  space.  The  change  in  our  point  of  v 
of  course  does  not  diminish  the  value  of  Professor 
G.  H.  Darwin's  celebrated  work  on  this  subject,  but  siir 
limits  the  scope  of  the  results  when  applied  to  the  syst( 
nearest  at  hand.  Even  if  inapplicable  to  the  moon 
applicable  to  but  a  limited  extent,  his  beautiful  anal 
will  always  be  the  basis  of  future  researches  in  this  exi 
sive  subject,  which  deals  with  one  of  the  most  impori 
physical  causes  effecting  the  figures  and  motions  of 
heavenly  bodies. 


U.S.  Naval  ObserA'atory,  Mare  Island,  California,   1909  May  22. 


T.  y.  y.  See. 


Addition.  On  p.  368,  line  7  from  top,  after  the  words:  »four  times  the  present  distance  of  the  mo( 
insert:  The  value  thus  obtained  is  the  maximum  value,  corresponding  to  the  part  of  the  surface  nearest  the  sun; 
course  other  parts  of  the  surface  are  nearer  the  earth. 


July  3,  1909. 


T.  y.  y  See. 
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